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Abstract

The “direct methods” achieve global image regisira-
tion without explicit knowledge of feature correspon-
dences. We employ the motion gradient constraint as
the relation between the motion parameters and the
measured image gradients. While this relation appears
as a linear system of equations, for any motion model
(other than a translation) we show that the underlying
notise process is data-dependent, i.e., heteroscedastic, a
fact which must be taken into account in the parameter
estimation process. The improvement obtained using
the adequate procedure is confirmed for the 2D rigid
motion model through comparison with the traditional
total least square approach.

1. Introduction

Recovering the dominant transformation between
two images has been addressed in many different
ways.  Most techniques, however, can be classi-
fied into two categories: geometric-feature based or
photometric-property based. In the first class, to re-
cover the transformation parameters the correspon-
dence between salient features and the knowledge of
the underlying geometry is exploited. The advantage
of this approach is its high accuracy given that a satis-
factory feature matching can be achieved. See [12] for
a discussion of the paradigm.

The second class focuses on the relation between the
photometric transformation of the pixels and the cam-
era parameters. This class of techniques is often re-
ferred to in the literature as direct methods, and has
the advantage that it does not require an explicit cor-
respondence. See [5] for a discussion of the paradigm.

The direct methods are based on a global similarity
criterion between two images of a scene. The similar-
ity is measured through a cost function parametrised
by the parameters of the assumed global transforma-
tion. For example, the cost function can be a simple
mapping like in [11], where the squared pixel-wise in-
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tensity differences were minimised with respect to the
eight parameters of the planar flow model.

The most often employed cost function is based on
the motion gradient constraint (also called the bright-
ness constancy constraint) which will be discussed in
Section 2. This cost function is derived by assuming
that the observed intensity of a point in the 3D scene
is constant in time. Simplifying assumptions about the
structure of the scene are also used. In the paper we
focus on this cost function.

After presenting in Section 2 the classic least square
techniques for estimating the global transformation,
in Section 3 we analyse the nature of the underly-
ing noise process and show that it has data depen-
dent, non-homogeneous covariance. Such noise yields
biased estimates for the parameters of the global trans-
formation and a suitable estimation technique should
be employed to avoid this systematic error. We use
the heteroscedastic errors-in-variables (HEIV) estima-
tor. Performance comparison between the least squares
and the new approach is presented in Section

. otion radi nt onstraint

et () describe the brightness of pixel at
time in an image sequence. Assume that there exists
a global transformation mapping the reference frame

into the target frame ( ), and that
the mapping is captured by the parametric function of
correspondence , i.e., ( ). This

function defines a unique relation between the pixels

of and of for a global set of param-
eters (Figure 1). et  be the null element of
the transformation, that is ( ) .

Will assume that the pro ected intensity of a phys-
ical point is constant in time, and will measure the
mapping error by the difference in intensity between
a pixel of  and the corresponding one in

C ) ( ) ) (1)

with  being defined as the vector [ ]
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ideal case  and are perfectly registered, i.e.,

C ) (2)

sing the first order Taylor expansion of ( )
around  and and assuming (2) true, yields

(( ) ) (( ) )

The partial derivatives can be written as

()

where we took into account the definition of . How-
ever — is the spatial image gradient denoted , and
we obtain the well-known motion gradient constraint,

also called the conservation equation of [ ,p. 3 ]

( ) (5)

The motion gradient constraint provides a first or-
der approximation for finding In the sequel will
rewrite (5) as

()

where will take and —

[——]
2.1. Thediscrete case

In practice, the two available frames are not in-
finitesimally separated and most often is taken to
be a unit time step. The image time derivative is ap-
proximated as

—C ) ) ) ()

and the spatial gradient is computed using a dis-
crete differentiation filter. From (5) — can be written
as

c > ) 0

where is the spatio-temporal image gradient vector,
and the acobian of the transformation (correspon-
dence function and time) with respect to and

()

The expression of — can be computed analytically
from the assumed transformation model. Since mea-
surements are noisy an estimate of is obtained by
minimisation.

2.2. Traditional L east Square Solutions

iven  feature points (e.g., salient pixels) in
the reference frame, we need to estimate such that
frame and 1 are registered as close as possible.
The traditional approach is through least squares esti-
mation which overlooks the true nature of the noise in
the motion gradient constraint. We note — the par-
tial derivative of with respect to the generic variable

computed in

In this case it is implicitly assumed that only —, i.e.,
the temporal derivative of the image intensity ( ), is
measured corrupted with additive noise. The value of
the motion gradient constraint ( ) deviates from ero
and the minimisation is defined as

() — (1)

under the constraint 1. It can be shown that the

solution is

- - (11)

where  is the pseudo-inverse operator.

The S estimator is the computational module in
numerous implementations of direct methods. Early
works [3, ] have shown how the motion gradient con-
straint can be used to recover 3D motion of a camera
by plugging the S solution into a ewton-Raphson
type iterative procedure. In [1] the S module was
employed in a hierarchical motion recovery technique.
When a priori information about the reliability of mea-
surements is available, a weighted least square (W S)
estimator can be used. This was the approach adopted
in [ ] to estimate the epipole of the camera in a
plane parallax model.



In this case it is assumed that both the spatial gradi-
ent and the temporal derivative are corrupted by noise,
i.e., — is measured with errors. The sum of orthogo-
nal distances from the measurements to the hyperplane
having the normal () is minimised

() — (12)

The solution is the smallest eigenvector of the mo-
ment matrix

— — (13)

to be 1 yields

. The T S technique can be also extended to take
into account a priori information about the measure-
ments [2, Sec 12.3].

The T S estimator is less frequently used in direct
method implementations, since in practice does not
show better results than S. ptimality of the T S
estimator implies that the measurements are corrupted
with the independent, identically distributed noise hav-
ing the covariance . As it is shown in the next sec-
tion this is not true for the minimisation problem at

hand.

y enforcing the last element of

. oint nd nt ois roc ss

The S and T S solutions are unbiased only when
the measurement noise is homogeneous for all the fea-
tures. This is not true in our case due to the role of
the correspondence function

We can reasonably suppose that the intensity of
the pixels is additively corrupted with independent

ero-mean noise, i.e. () () () with
( ), where the subscript o stands for
the true (uncorrupted) intensity value. The spatio-
temporal gradient vector is estimated from the pixels
by linear convolutions with differentiation filters. Thus,
it can be written as , Where the errors
have ero-mean and covariance matrix for
all pixels . The matrix depends only on the em-
ployed filters.

For the pixel we obtain from ( )

The value of the matrix () is available for the
pixel and thus the mean and covariance of — are

_ () () (15)

That is, the noise process associated with each pixel has
a different (point-dependent) covariance. Such noise
process is called heteroscedastic.  nly the 2D trans-
lation motion model is an exception since in this case
for all  the matrix onsequently, the use of
a T S estimator is valid only for translational optical
flow estimation.

We are only addressing here the issue of noise pro-
cesses due to the global transformation. Direct meth-
ods can also suffer from local sources of errors due to
the well known aperture problem or due to the inade-
quacy of the first order approximation implied by the
motion gradient constraint.

anatani was the first to recognise the importance
of taking into account the point-dependency of the un-
derlying noise process when solving vision problems.
He developed the renormali ation technique which was
applied to solve several vision tasks. The book [ | de-
scribes the technique, with optical flow estimation be-
ing the topic of Section 12.1.

A computationally different approach is the het-
eroscedastic error-in-variable (HEIV) estimator de-
scribed in [ ]| for scalar and in [1 ] for multivariate
problems. We will apply this estimator to estimate
the global transformation parameters.

3.1. TheHEIV Estimator

The minimisation problem solved by the HEIV esti-
mator can be formulated as

arg min _ —

sub ect to — 1 (1)

where the use of the Mahalanobis distance assures that
all the residuals have the same weight in the procedure.
During the computations the true values are replaced
by the corrected values to be estimated. The equivalent
minimisation criterion is

() — (1)

to be compared with (1 ) and (12).



As shown in [ , Appendix A], a agrangian formu-
lation yields  as the solution of

() () (1)

with the weighted moment matrix and the
weighted covariance matrix:

() — (1)

() -  _ (2)

The relation (1 ) is a generalised eigenproblem which
can be solved only iteratively. A numerically robust
technique is presented in [ ] based on generalised sin-
gular value decomposition.

The initial value required for the iterative pro-
cedure is obtained by approximating the covariance

matrices  as being proportional with an average

. It can be shown [ ] that in this
case (1 ) becomes a simple generalised eigenproblem,

covariance matrix

yielding

. r1 nta su ts

To compare the performance of T S and HEIV es-
timators will consider the transformation generated by
a 2D rigid motion assumption between the two images,
i.e., 2D rotation and translation. The transformation is
parametrised by [ ] and the correspondence

function ( ) is given by
()
cos sin (21)
sin cos
where is the rotation matrix and the translation
vector. The acobian matrix () defined in ()
becomes

(ry 7 . @

The presence of
point dependent.

in (22) makes the value of the matrix

4.1. HEIV vs. TLS: One-step Algorithm

In the first experiment the two estimators were ap-
plied directly to a pair of images differing only slightly.
The reference image in Figure 3a was used in this ex-
periment. About 25 percent of the pixels, over 3

data points were used. These pixels were kept the same
during all the 25  trials.

In the -th trial the parameters were chosen
randomly from the uniform distributions [ ]
radians for and [ 2 2] pixels for ~ and . The
warped image (( ) was then created.
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Figure 2.

For the selected pixels, the ground truth was estab-
lished by defining ( ). Thus, a

lower bound on the registration error can be defined as

= (23)

It was denoted in Figure 2 as the initial error. ext,
using the techniques described in the previous sections

and were computed. The registration error



was measured (for the chosen pixels) as
- ( )
(2)

They are denoted in Figure 2 as the error after esti-
mation.

omparison of the scatterplots of with respect
to (Figure 2a) and with respect to
(Figure 2b) clearly shows that the T S estimator can
diverge and actually increase, (in spite of the presence
of only a small transformation between the images,
the initial registration error. The diverging points are
those above the unit slope diagonal. The HEIV esti-
mator practically never augments the initial error. The
better performance of the HEIV estimator is also illus-
trated by the histogram of the errors (Figure 2¢). The
peak of the HEIV based registration errors curve is
significantly to the right and much sharper than the
corresponding T S based curve.

4.2. HEIV vs. TLS: Hierarchical Algorithm

To be able to capture a large transformation (mo-
tion) between two images, the multi-scale approach has
often been used [1, 5, 11]. ow resolution representa-
tions of the input image are employed to obtain coarse
estimates of the transformation parameters, which are
then iteratively refined at higher resolutions.

To recover a rigid transformation between reference
frame and target frame a  level image pyra-
mid was employed. The index 1 correspond to
the coarsest level and to the finest, i.e., the in-
put. Subsequent image representations (pyramid lev-
els) have a two-fold resolution increase. The estimation
procedure is described below. For convenience,

1. uild the image pyramids from and

from

2. Estimate the initial parameters using either
the T S or the HEIV estimator based on a sub-
set of pixels in the lowest resolution reference and
target image representations.

3. At level 2

Move from level 1 to . The translation
estimate in is multiplied by two, yield-
ing which is used to warp into

(The rotational component is not affected by
the change of scale beyond the effect of the

discrete sampling lattices.)

hoose randomly a set of n feature points
in ( 25  of the pixels).
Estimate of the transformation between
and using either the T S or the
HEIV estimator.

. The output is , the estimated parameters

mapping into

The above algorithm was applied to two images. For
the 2 1 imagein Figure 3a a pyramid with 3
was employed. The synthetic target frame (Figure 3b)
was obtained by applying a rigid transformation (

1 radians [2 ] pixels) to the reference
and adding aussian noise ( 5) to the result. The
effectiveness of the HEIV estimator can already be seen
at the coarsest level (5 2 image si e). As the local
flow shows (Figures 3¢ and 3e) the HEIV estimator is
able to capture larger motions than the T S. The flow
was computed from the estimated transformation, i.e.

the vectors connect with

At the output of the hierarchical algorithm, the
HEIV based warped image is more accurate than the
T Sone (Figures 3d and 3f). oarse image representa-
tions attenuate the noise and bring the problem closer
to its order-one assumption [ ], however, this experi-
ment shows that taking into account the heteroscedas-
ticity of the transformed measurements (an intrinsic
property of the problem) has an important effect on
the performance.

For the 2 2 image in Figure the employed
pyramid had levels. A photograph was scanned
(an orthographic pro ection) in two different orienta-
tions. At the output the parameters provided by the
HEIV estimator yield a significantly samller registra-
tion error (Figure d) than the parameters provided by
the T S estimator (Figure c).

. onc usion

We have presented a statistical property of direct
methods based on the motion gradient constraint and
called the attention on the importance of taking into
account the heteroscedasticity of the underlying noise
process. While the 2D rigid motion transformation in-
vestigated here is very simple, the same framework can
be applied to more complex mapping functions and or
constraints.
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(b)

TLS Frame Warp

(d)

HEIV Frame Warp
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