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Abstract

In many vision problems (e.g., stereo, motion) multiple
structures can occur in the data, in which case several in-
stances of the same model need to be recovered from a sin-
gle data set. However, once the measurement noise becomes
significantly large relative to the separation between the
structures, the robust statistical methods commonly used in
the vision community tend to fail. In this paper, we show that
all these techniques are special cases of the general class of
M-estimators with auxiliary scale, and explain their failure
in the presence of noisy multiple structures. To be able to
cope with data containing multiple structures the techniques
innate to vision (Hough and RANSAC) should be combined
with the robust methods customary in statistics. The impli-
cations of our analysis are illustrated by introducing a sim-
ple procedure for 2D multistructured data problematic for
all known current techniques.

1. Introduction
A robust estimation technique is essentially a method which
tolerates the presence of data points not obeying the model
whose parameters are to be estimated. Such techniques are
widely used today in computer vision, see [14] for a recent
review, and [12] for a collection of papers illustrating the
state-of-the-art of robust approaches in vision. An impor-
tant observation is in order. The theory of robust estima-
tors was developed in the last 30 years in statistics and two
main classes of methods, M-estimators and least median of
squares (LMedS), were successfully applied to vision prob-
lems. However, some of the “most” robust techniques used
in the vision community, Hough transform and RANSAC
[2], are innate and were developed independently to meet the
specific needs of processing visual data.

In this paper we show that the robust estimation tech-
niques frequently used in vision applications (originating ei-
ther from statistics or vision) are particular cases of the same
general estimation paradigm. There is a conceptual differ-
ence, though, between the robust estimators developed in
statistics and those developed in computer vision. Once the
difference is recognized, a diagnosis tool incorporating the
advantages of both approaches can be designed and the well
documented limitation of the current robust techniques for
data with multiple structures [13] can be relaxed. Figure 2
gives some examples of such data.

To define the model employed for the inliers without loss
of generality we will assume for the moment that all the
available measurements ��������� , 	�
 ��
�������
���� are

Figure 1: The concepts of the linear errors-in-variables
model. The linear constraint is in the Hessian normal form.

additively corrupted by independent, identically distributed
noise � � 
 � ������� � � 
 � � ��� �"!�#%$ 
�&('*) �,+ , where, the
subscript ’ - ’ denotes the unknown, true value of the mea-
surements, and �"!�#/. + stands for a general distribution. The
true values satisfy a constraint which captures the a priori
information about the physical (geometrical) nature of the
problem 0 # � ��� + 
 �21���436587 
 $ 	9
:��
�������
�� (1)

where the ambiguity up to a constant of the parameters is
eliminated by imposing ; 3 ;<
=� . The constraint (1) is the
Hessian normal form of a plane in � � (Figure 1).

The definition of the noise process and (1) together define
a linear, errors-in-variables (EIV) model which appears fre-
quently in computer vision problems. When the parameters
are estimated by solving the minimization problem>/?7 
(@3BA 
DCFEHGJILK�MNBO 3 �� PQ �SR�T ; � � 5 � ��� ; ' (2)

subject to (1), the solution is the total (orthogonal) least
squares (TLS) estimate. See [5] for a discussion of TLS type
methods in vision and [19] for an in-depth treatment of TLS
estimation. It is well known that in solving (2) the true val-
ues � ��� are replaced by the orthogonal projection of � � onto
the hyperplane defined by 7 
 3 . The orthogonal projections?� � associated with the solution

?7 
U@3 are the corrected values
of the measurements � � , and satisfy (Figure 1)?0 # ?� � + 
 ?�21� @365 ?7 
 $ 	9
:��
�������
���� (3)

In general, given a surface

0 # � ��� + 
 $ in � � , the first
order approximation of the shortest euclidean distance from
a point � to the surface is, e.g., [17, p.101],; � 5 ?� ;WV X 0 # � + X;�Y 0 # ?� + ; 
 (4)
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where
?� is the orthogonal projection of the point onto the

surface, and Y 0 # ?� + is the gradient computed in the loca-
tion of that projection. Taking into account the linearity of
the constraint (1) and that 3 has unit norm, (4) becomes; � 5 ?� ;Z
 X 0 # � + X , i.e., the euclidean distance from a point
to a hyperplane written under the Hesse normal form is the
absolute value of the algebraic distance. Thus (2) can be
rewritten as >H?7 
(@3[A 
DCFE/G[ILK�MN�O 3 �� PQ �SR�T > 0 # � � + A ' � (5)

Once outliers are present in the data, i.e., only � T"\ � data
points obey the model, the TLS technique fails and robust
methods have to be used for the parameter estimation.

In Section 2 the four classes of robust methods popular
in computer vision are shown to all fall within the general
family of M-estimators with auxiliary scale. In Section 3
the data with multiple structures known to challenge all cur-
rently available robust estimators is discussed. The joint be-
havior of two important statistical measures is described in
Section 4. In Section 5 a simple 2D data analysis approach
is introduced and it is shown experimentally that the new
method can handle 2D data with multiple structures under
severe measurement noise.

2. M-Estimators with Auxiliary Scale
The robust M-estimator formulation of (2) is>H?7 
 @3BA 
DCFE/GFILK�MN�O 3 �� PQ �SR�T^] _ �` 0 # � � +%a (6)

where ` is a scale parameter and ] #cb + a loss function satis-
fying the following properties: nonnegative with ] #%$ + 
 $ ;
even symmetric, ] #db + 
 ] # 5 b + ; and nondecreasing withX b X . See [6] for an introduction to M-estimators and [3] for
a more in-depth discussion. In the sequel we will consider
only redescending M-estimators which are characterized by
bounded loss functions and w.l.o.g. we take ] #fe + 
:� . The
following two loss functions represent two extreme cases.
The biweight function is defined as]Fg%h #cb + 
ji � 5 # � 5 b ' +lk if X b XJm �� if X b XJn � (7)

while the zero-one function is]Fo � #cb + 
 i $ if X b Xpm �� if X b Xpn �q� (8)

For a given value of the scale ` , and a continuous loss func-
tion, the minimization problem (6) is solved as an iterative
weighted least squares problem with the weight function de-
fined as [6, p.306] r #cb + 
 �b�s ] #cb +s b � (9)

The traditional expression of biweight has a 1/6 multiplica-
tive constant and thus now

r g%h #db + 
ut # � 5 b ' + ' . The dis-
continuity of the zero-one loss function in X b X 
v� yields
poor local robustness properties, i.e., increased sensitivity to
a single data point in certain critical configurations.

In our definition of a loss function the scale is confounded
with the tuning constant of the M-estimator. In statistics
the tuning constant is chosen to control the asymptotic ef-
ficiency. This property, however, is less important in vision
applications where the main goal is to obtain an inlier/outlier
dichotomy. Thus, discriminating the tuning constant within
the scale is not important.

Access to a reliable scale parameter is a necessary con-
dition for the minimization procedure (6) to succeed. There
are two different approaches to obtain the scale:

– it is set (known) prior to the parameter estimation;

– it is estimated from the data.
In either context (6) is called an M-estimator with auxiliary
scale [7, 15].

The main distinction between the robust techniques de-
veloped in the vision community, Hough transform and
RANSAC, and the robust estimators imported from statis-
tics is in the way the scale is determined. Both the Hough
transform and RANSAC are techniques in which the scale
is set a priori.

The original Hough accumulator is just a discrete repre-
sentation of (6) using the zero-one loss function and a fixed `
(the bin size). The necessary condition for the Hough trans-
form to work is that the significant local minima correspond
to the linear structures in the input. This fact is well known
in the vision literature and to improve the quality of the accu-
mulator the replacement of ]Jo � #db + with a smooth loss func-
tion was often proposed, e.g., [4, 10]. In the “enhanced”
Hough transforms the scale parameter is set based on a guess
of the noise corrupting the edge pixels [4], or in relation to
the size of the accumulator bin [10].

The chosen value of scale is central to RANSAC where it
is called the error tolerance [2]. In RANSAC the parameter
estimates are sought which yield the maximum number of
data points within a distance less than ` from the correspond-
ing hyperplane. Equivalently, RANSAC is the minimiza-
tion problem (6) with ] o �J#db + and a preset scale. RANSAC
was also successfully generalized to use a smooth loss func-
tion [16]. In many vision applications an educated guess of
the error tolerance can be made, however, once the range of
the noisy inliers is not well defined, determining an adequate
scale value becomes difficult.

In the robust estimators developed in statistics the scale
is always estimated from the data. The scale estimation pro-
cess can precede the main procedure or can be performed
simultaneously with it. The most frequently used off-line
scale estimator is the median absolute deviations (MAD),
which by its definition requires an initial fit [6, p.302],
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?`*wyx*z � med�|{{{{ ?
0 # ?� � + 5 med} ?0 # ?� } + {{{{ . The reliability of the

MAD scale estimate depends on the quality of the initial fit
[3, p.25]. Since the median is heavily biased when most of
the contamination is on one side relative to the center [3,
p.29],

?` wyx*z is not a useful scale estimate for data with mul-
tiple structures.

When the scale estimation is included into the iterative
procedure seeking the parameter estimates, most often the
simultaneous M-estimate of scale is used, the solution of?`~w 
�� �� PQ �SR�T r _ �?` w ?0 # � � + a�� ?0 # � � +%� '�� TH� ' (10)

where

r #cb + is the weight function (9). An example of a vi-
sion application employing this approach is [1].

For the errors-in-variables model only the redescending
M-estimators (the ones considered in this paper) may have
nonzero breakdown point [20] which is bounded upward by���*� , where � is the dimension of the model. The breakdown
point, however, reflects a worst case situation since it just
specifies that in the presence of severe contamination there
exist at least one local minimum of (6) which corresponds
to the failure of the estimation process.

The parameter estimation problem can also be ap-
proached from the viewpoint of the scale. The S-estimators,
while popular in statistics, are not widely known in vision in
spite of being a generalization of LMedS. The S-estimators
are defined by first considering the scale estimate ` #H. + being
the solution of the equation�� PQ �SR�T ] _ �` 0 # � � +la 
�� (11)

with � a constant between 0 and 1. The parameter estimates
are then implicitly defined by the minimization problem>/?7 
�@3BA 
�CJEHG[ILK�MN�O 3 ` > 0 # � T + 
�������
 0 # � P + A � (12)

For an introduction to S-estimators see [11, pp.135–143],
and for a more detailed treatment in the context of EIV mod-
els [20]. Being a solution of (11) for any value of the param-
eters 7 and 3 , ` is a monotone M-estimate of scale. Let

?` be
the minimum of ` in (12). Then it can be shown that>H?7 
(@3BA 
DCFE/GFILK�MN�O 3 �� PQ �SR�T^] _ � ?` 0 # � � + a (13)

and thus the S-estimators are a special case of the M-
estimators with auxiliary scale.

To recognize the role of (11), consider the loss function] o �F#cb + which has the corresponding scale estimator ` 

med� X 0 # � � + X . Assume �v
 $ ��� . In this case (11) im-

poses the condition that for any value of the scale half of
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Figure 2: Examples of data with multiple structures.

the data points should be outliers, or equivalently the other
half should be inliers. Thus, (12) searches for the narrow-
est cylinder of radius ` which contains at least half the data.
This is the defining property of the well known least median
of squares (LMedS) estimator [11, p.126]. It can be shown
that in general the breakdown point of the S-estimators isILK�M # ��
4� 5 � + .

In this section we have shown that all the robust esti-
mation techniques widely used in computer vision can be
seen as particular cases of M-estimators with auxiliary scale.
Those proposed in the vision community differ from those
imported from statistics by setting the scale independent of
the data. Thus, RANSAC cannot be regarded as similar to
LMedS in spite of both estimates being computed using the
same probabilistic sampling procedure.

3. Data with Multiple Structures
A data with multiple structures is characterized by the pres-
ence of several instances of the same model, each corre-
sponding in (1) to a different set of parameters 7�� 
 3�� , where� 
|�p
�������
�� . Two examples of multistructured data are
shown in Figure 2. In the general case data points not be-
longing to any of the model instances may also be present
(Figure 2b).

Among the four classes of robust estimation techniques
discussed in Section 2 only the Hough transform is designed
to recover all the model instances. The other methods return
parameter estimates associated with a structure containing
the absolute majority (exceeding 50%) of the data, though
in RANSAC this condition is relaxed to relative majority.

Assume for the moment �=
u� and that a structure con-
taining more than half the data points, which we call the
inlier-structure, exists. The second structure will be called
the outlier-structure (Figure 2a). The presence of structured
outliers is the most damaging for the performance of ro-
bust estimators and almost always the breakdown condition
is due to such data configurations [18]. When the outlier-
structure contains slightly less than half the data points and
both model instances are corrupted by significant noise,
none of the four classes of robust methods popular in com-
puter vision returns satisfactory parameter estimates.
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Figure 3: Dependence of � # ` � 7 
�� + on the scale ` for step-
edge data, 60% inliers. The noise level, (a) and (b) &�
�� ;
(c) and (d) &�
�� $ (the data in Figure 2a). Left column,
zero-one loss function; right column, biweight loss func-
tion (note the different range of ` ). Solid curves–the en-
velope � w � P # ` + . Dashed curves–the inlier-structure param-
eters. Dotdashed curves–the outlier-structure parameters.
Dotted curves–the least squares fit parameters.

Stewart [13] provided a thorough analysis of the phe-
nomenon for all the estimators discussed in this paper (and
some more). He has shown that for relative moderate noise
levels the robust techniques fail to distinguish the inlier-
structure. For example, in the case of 2D step-edge data with
a 3-to-2 inlier/outlier ratio the breakdown appears at aboutt�& separation between the two structures. Thus the data in
Figure 2a having the characteristics7 T 
�� $ 7 ' 
�� $F$ 3 T 
 3 ' 
 > $ � A 1 (14)

and normal noise � � � �=��!�#f$ 
�&('~) ' + , &�
�� $ , is already
in the breakdown domain of the robust estimators in spite of
the two structures being clearly distinct. It should be noted
that we use the EIV model while Stewart corrupted the data
only along � ' (traditional regression).

To explain this deficiency, we will regard the S-estimator
equation (11) as defining a family of curves � # ` � 7 
 3 + . For
2D line fitting� # ` � 7 
�� + 
 �� PQ ��R�T ] _ � T O �d� - ` � � � ' O � ` 	c�^� 5 7` a (15)

where with some abuse of notation the vector 3 was
reparametrized with the direction of the normal to the line.
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Figure 4: The top-left region of Figures 3c and 3d.

The envelope of this family of curves is defined as� w � P # ` + 
¡I¢K£MNBO ¤ � # ` � 7 
�� + (16)

which thus represents the value of the M-estimation mini-
mization criterion (6) as a function of the scale.

In Figure 3 a few � # ` � 7 
�� + curves are shown for differ-
ent lines, i.e., for given sets of 7 and � . The value of the
scale defines a band centered on the line with its half-width` measured along the direction of the normal.

First the step-edge data (14) is corrupted with small
noise, &�
�� and the zero-one loss function (8) is used in
(15). Note that for this loss function � represents the percent-
age of data points outside the band. The curve � # ` �*� $ 
�¥ $F¦ +
defined with the parameters of the inlier-structure is also the
envelope for �¨§ $ �ª© (Figure 3a). That is, as long as the ro-
bust minimization (6) is based on less than 60% of the data,
the parameters of the inlier structure can be estimated cor-
rectly. As expected, �«
 $ �ª© corresponds to `"¬ �<
��B�­�p& .
Further increase of the scale (expansion of the band) does
not change the value of � # ` �*� $ 
�¥ $F¦ + till the band is not wide
enough to begin to include the outlier-structure. This hap-
pens around ` 
D©,� which is the separation between the two
structures less the �[����& of the noise corrupting the outlier-
structure. Thus the minimization (6) will succeed for any
scale value less than 45.

The curve � # ` ��� $F$ 
�¥ $F¦ + defined with the parameters of
the outlier-structure has a similar behavior but the curve is
way at the right of � # ` ��� $ 
*¥ $F¦ + and thus this set of param-
eters will not minimize the robust criterion (6). For small
measurement noise and a scale not large enough that data
from both structures has to be considered simultaneously,
the robust optimization criterion (6) can be successfully em-
ployed.

Using the nonrobust, least squares parameter estimates?7�®�¯ 
 ?� ®�¯ in (15) leads to a similar conclusion. They define
a line across both structures. The curve � # ` � ?7 ®�¯ 
 ?� ®�¯ + is al-
ways at the right of the envelope, and thus this estimate will
be not chosen as the solution of the robust minimization.

The biweight loss function (7) yields smoother � # ` � 7 
�� +
curves (Figure 3b) but does not change the behavior of the
estimation process. The slow decrease at large scales is due
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to all points having now diminishing but nonzero loss func-
tion values.

When the noise corrupting the two structures is increased
to &°
±� $ (the data in Figure 2a) the failure of the robust
techniques is clearly revealed. The curve generated by the
least squares fit is now always closer to the envelope than
the one corresponding to the true parameters of the inlier-
structure (Figures 3c and 3d). Thus no matter how is the
scale determined, the global minimum of (6) yields an er-
roneous solution. When the top-left region of these figures
is enlarged (Figure 4) it can be seen that for � # ` � 7 
�� + \�$ ��¥ ,
i.e., once at least 10% of the data is considered for analysis,
the nonrobust least squares type fits begin to dominate. On
the other hand, for noisy measurements very small subsets
of the data cannot yield reliable estimates.

In Section 2 we have shown that all robust estimators
used in computer vision are particular cases of the mini-
mization problem analyzed above. For example, the cut
along �W
 $ ��� in Figures 3a, 3c and 4a shows the optimiza-
tion problem faced by the LMedS estimator. When the data
contains two noisy structures the minimization will prefer
a least squares type fit since it yields a smaller scale value.
(Recall the S-estimator/LMedS connection discussed at the
end of Section 2.) This was first observed experimentally in
[9].

The deficiency of robust estimators is not specific to the
step-edge data considered above. In [13] two more configu-
rations are discussed and their analysis with the tools intro-
duced in this paper yield similar conclusion. When the data
contains more than two structures (Figure 2b) each of these
structures have the same importance, and relative to any one
of them the rest of the data is “outliers”. The breakdown
point, which in statistics implies processing the absolute ma-
jority of the data points also loses its meaning. Hough trans-
form fails for the multistructured data in Figure 2b since the
structures are corrupted by large measurement noise. The
accumulator has many local minima and those correspond-
ing to the three structures cannot be distinguished. To pro-
cess such data a new approach has to be adopted.

4. Analysis of Two Statistical Measures
In the sequel will use the multistructured data example in
Figure 5. Since both structures contain the same number of
points, this data cannot be processed with LMedS, while for
RANSAC a reasonable scale estimate is difficult to deter-
mine. Note the two single outliers.

Assume that a candidate line (characterized by an 7 and3 ) is available for the lower structure. This line is usually
not correct (Figure 5). The measure² # ` � 7 
 3 + 
:� 5 �� PQ �SR�T ]Fg%h _ �` 0 # � � + a (17)
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Figure 5: The data used in the diagnosis example. Solid
line–the candidate fit. Dashed lines–boundaries of a band of
half-width ` 
���� . Dotdashed lines–boundaries of a band
of half-width ` T . Dotted lines–boundaries of a band of half-
width `*³ . See text.

computed with the biweight loss function (7) is related to the
percentage of data points inside a band of half-width ` cen-
tered on the candidate 7 
 3 . (It would be precisely that value
for the zero-one loss function.)

The standard deviation of the data points inside the band
is also defined

& # ` � 7 
 3 + 
´�Fµ P�SR�T r g%hZ¶ T¯ 0 # � � +%· > 0 # � � + A 'µ P�SR�T r g%h ¶ T¯ 0 # � � + · � TH� ' (18)

where the weights associated with the biweight are used.
Since these weights are zero for X b XJn � , the standard devi-
ation (18) is a redescending M-estimator of scale while (10)
is a monotone M-estimator.

When the band having half-width ` starts to expand, both² # ` � 7 
 3 + and & # ` � 7 
 3 + increase steeply (Figures 6a and
6b). The increase levels off once the band contains all the
points of the structure and the changes are now solely due
to the decrease/increase of loss function/weight values as-
sociated with the points. When, after further expansion the
band begins to incorporate points located far away from the
data in the center, the two curves again exhibit a significant
increase.

For any 7 and 3 , ² # ` + and & # ` + considered jointly define
the parametric form of a planar curve, the ² – & plot (Figure
6c). The ² – & plot has a sharp corner when the balance be-
tween the data points already inside the band and the incom-
ing new points shifts toward the latter. Once the new points
are outliers relative to the previously incorporated data, they
have a much larger influence on & than on ² and thus the ² –& plot turns upward.

The location of the corner can be detected by computing
the curvature of the ² – & plot. Since we are interested in
changes after the region in which both ² and & are quasi-
constant, i.e., the differential of the arc length is small, a
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Figure 6: Dependence of (a) ² # ` � 7 
 3 + and (b) & # ` � 7 
 3 + on
the scale. (c) The ² – & plot. The detected corner is marked
with ‘*’. (d) The weighted curvature � # ` � 7 
�� + .
weighted curvature is used� # ` � 7 
 3 + 
 �¸& ' � ¸² ' ¹& ¸² 5 ¸& ¹²# ¸& ' � ¸² ' + k � ' (19)

where the derivatives are taken with respect to the scale ` ,
and the first term is the reciprocal of the squared differential
arc length. The measure (19) has a smoother dependence on` than the real curvature. Its global maximum determines` T , the scale value corresponding to the corner of the ² – &
plot (Figure 6d). Note that for this candidate fit the two sin-
gle outliers in Figure 5 (roughly at the same distance from
the candidate line) do not produce a significant maximum of� # ` � 7 
 3 + .

In the Figure 5 example the data inside the band belongs
to one of the structures and the balance tilts from this struc-
ture to the outliers when band reaches the second structure.
However, this is may not always happen. When the true pa-
rameters of the lower structure are used in (17) and (18) the
balance already tilts when the first outlier is reached (Figure
7a). The corner of the ² – & plot is now sharper (Figure 7b)
and the maximum of � # ` � 7 
 3 + much larger than in the pre-
vious case (compare Figures 6d and 7c). Since its true pa-
rameters are used, the structure is captured in ² by smaller
loss function values and in & by larger weights, which yields
an increased sensitivity to the leveraging effect of outliers.

For homogeneous data, containing only a structure, the² – & plot is monotonically increasing and the maximum of
the weighted curvature has a small value. It is then easy to
detect that this maximum does not correspond to a sharp cor-
ner in the ² – & plot.

Assume that º is the number of points inside the
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Figure 7: True candidate fit. (a) The different bands labeled
as in Figure 5. (b) The ² – & plot. (c) The � # ` � 7 
 3 + measure.

band of half-width ` T . From (17) it can be seen that² # ` T � 7 
 3 + m º���� . Let the half-width of the band contain-
ing � ² # ` T � 7 
 3 + data points be ` ³ . Then in general ` ³ \ ` T .
This band is shown with dotted lines in Figures 5 and 7a.

The ² – & plot appears as a versatile tool for delineating
the individual structures of multistructured data. Indeed, in
Section 5 we sketch a method of analysis for complex 2D
data. Nevertheless, its practicality for higher dimensions is
not obvious. A structure is detected by the “collision” of the
band of analysis with outlying data, i.e., the detection pro-
cess actually links unrelated groups of points. As a result of
this “coupling”, the output of the delineation process may
depend on the orientation of the band. The robust technique
proposed in [8] also employs for delineation an interaction
between the structures, detected through the change of be-
havior of a scale estimate.

Based on the insights gained through the analysis pre-
sented in this paper we are currently developing a slightly
different approach which avoids all the mentioned artifacts.

5. 2D Data Examples
To test the tools described in Section 4 a simple proce-
dure was designed for analyzing noisy, multistructured two-
dimensional data. In the first example a staircase was pro-
cessed. Three horizontal lines at � ' 
 50, 100 and 150,
contain 40, 60 and 50 data points respectively, and were
corrupted by �»!�#f$ 
4� $ '�) ' + noise. Ten single outlier points
were also added, though some fell inside the structures. The
second example is the data in Figure 2b.

The data analysis procedure had four main steps and was
performed only on the data points in the denser regions,
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Figure 8: Results of the data analysis examples. (a) Stair-
case. (b) The data in Figure 2b.

which were selected using the nearest-neighbor distance his-
togram, to remove isolated outliers. The candidate lines
were defined through a probabilistic sampling technique
similar to the one used in RANSAC or LMedS. For each
candidate line the band of half-width # ` T � `~³ + �F� was de-
fined. Bands sharing at least 90% of the points were merged.

The candidates were ordered by the decreasing value of
the maximum weighted curvature (19), i.e., by the assumed
degree of separation of the points inside the band from the
rest of the data. For the first six candidates the TLS esti-
mates of 7 and � were computed. Using the new candidate
fits, the six candidates were reordered, this time by the in-
creasing values of the maximum weighted curvature, i.e., by
the assumed degree of homogeneity of the data inside the
band. The list was traversed and the candidates associated
with a subset of the data which was at least 90% accounted
for previously, were discarded. The remaining candidates
defined the structures and a bounding box was computed for
the points inside the band.

Two examples are shown in Figure 8. In both cases the
data analysis procedure successfully extracts the three struc-
tures in spite of high noise level. Note that the model con-
straint (1) is imposed at every step of the analysis, and thus
the procedure is more accurate than a clustering type data
classification.
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