
Robust Regressionwith Projection BasedM-estimators

HaifengChen PeterMeer

ElectricalandComputerEngineeringDepartment
RutgersUniversity, Piscataway, NJ08854,USA

haifeng meer @caip.rutgers.edu

Abstract

Therobustregressiontechniquesin theRANSAC familyare
populartodayin computervision,but their performancede-
pendsona usersuppliedthreshold.Weeliminatethisdraw-
back of RANSAC by reformulatinganotherrobustmethod,
theM-estimator, asa projectionpursuit optimizationprob-
lem.TheprojectionbasedpbM-estimatorautomaticallyde-
rivesthethresholdfromunivariatekerneldensityestimates.
Nevertheless,theperformanceof thepbM-estimatorequals
or exceedsthat of RANSAC techniquestunedto the opti-
mal threshold,a valuewhich is neveravailablein practice.
Experimentswere performedboth with syntheticand real
data in the af�ne motion and fundamentalmatrix estima-
tion tasks.

1. An Analysisof Robust Regression
Robustregressionis thegenericnameof techniqueswhich
estimatea parametricregressionmodel in the presenceof
signi�cant number of data points not belonging to that
model, i.e., outliers. The `secret' of robust estimationis
theuseof valid additionalassumptionsaboutthedata.The
scaleof thedataof interest,i.e.,a measureof thenoisecor-
rupting the inliers (suchasstandarddeviation or range),is
the most frequentlyusedadditionalassumption. The ro-
bust regressiontechniquemostpopularin computervision
RANSAC [4] andits improvedversionsMSAC andMLE-
SAC[15], [16], imposeanupperboundonthescale,andthe
parameterestimatesarefoundbymaximizingthenumberof
points(inliers) which canbeplacedwithin this bound.The
additionalassumptionbehindthe leastmedianof squares
(LMedS) estimator[12] andsimilar techniquesis equiva-
lent. A lower boundis imposedon therequiredpercentage
of inliers in thedata,andtheparameterestimatesarefound
by minimizing thescaleof datasubsetsof this size.

In realapplications,however, oftenthereis notenougha
priori knowledgeto reliably de�ne additionalinformation.
Embeddingtherobustestimatorinto a secondoptimization
processover therangeof possiblebounds,e.g.,[10], is not
a generalenoughsolution.Indeed,whenever theemployed
assumptionsarenot valid, the robust regressionmay yield
erroneousresults,which in turn cancorrupt the compari-
son acrossdifferent operatingconditions. The technique
describedin this paperdoesnot require theuserto provide

any scaleestimate,insteadit exploits an intrinsic relation
betweentheoptimizationcriterionandthedataspace.

Probabilisticsamplingis thesearchtechniqueof choice
to minimizetheoptimizationcriterionof therobustregres-
sionsin the RANSAC family andLMedS.Elementalsub-
setscontainingthe smallestnumberof datapoints which
uniquely de�ne a model parametercandidateare drawn
without replacementfrom thedata.Thequality of thecan-
didateis thenassessedusingall thedatapointsandthe �-
nal estimateis foundby comparisonovera numberof such
candidates[12, p.198].Thisnumber, however, becomesun-
feasiblelargewhentheoutliersdominatein thedataor the
datais highdimensional.A possiblesolutionis guidedsam-
pling, in whichadditionalinformationabouttheprobability
of adatapointbeinganinlier is integratedinto thesampling
process,e.g.,[14].

It is very importantto recognizethat while probabilis-
tic samplingis a computationaltool with no relationto the
optimizationcriterion, guidedsamplingis a robust proce-
dure sinceit alsoexploits additionalinformation. But re-
liable informationto guidesamplingcannotbeguaranteed
in many computervision applications,and the robust re-
gressionmethodproposedin this papershifts theemphasis
from samplingin the input spaceto an ef�cient searchin
thespaceof theparameters.

In Section2 by reformulatingtheM-estimatoroptimiza-
tion criterion, we introducea new generictechnique,the
pbM-estimator, which doesnot requiretheuserto provide
thescaleestimate.A multidimensionaldirect searchtech-
niqueusingsimplex, describedin Section3, keepsthecom-
putationalburdenat a satisfactory level. In Section4 the
performanceof pbM-estimatoris comparedto techniques
from theRANSAC family for syntheticdataandtwo vision
applications:af�ne motionandfundamentalmatrixestima-
tion.

2. M-estimateComputation Using
Projection Pursuit

The principle behindthe methoddiscussedin this section
was�rst proposedin [1], aspartof adifferentapproachlim-
ited to low-dimensionaldata.SeealsoSection5. Herewe
provide the implementationfor arbitrarydimensionaldata,
andintroducea new robustregressiontechnique,thepbM-
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estimator.
The classof linear errors-in-variables(EIV) modelsis

adequatefor many computervision problems. Let ����� be
thetruevaluesof the � -dimensionalmeasurements�

� . The
following EIV modelis of interestto us
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wheretheadditivezero-meanmeasurementnoise�

�

� is in-
dependentandidentically distributed(i.i.d.), with an arbi-
trary symmetricdistribution. Notethat in generalthescale
of thenoise,thestandarddeviation ) , is unknown.

Theambiguityup to a multiplicative constantof (1) can
beeliminatedby taking 2

	

2

�3� . This is theHessiannor-
mal representationof the linear constraintandit is easyto
provethat in this casethealgebraicandgeometricdistance
of �

� from thehyperplanehavethesamevalue
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where 4
�

� is theorthogonalprojectionof �

� on theplane.
Wehaveshownin [2], thatall themajorrobustregression

techniquesusedin computervisioncanbeexpressedasM-
estimators.Taking into account(2) theM-estimatorof the
EIV modelparametersis
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is asatisfactorychoicefor mostapplications.Theoptimiza-
tion criterion(3) of theM-estimatorcanberewrittenas
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0s= will becalledtheM-kernelfunc-
tion. Note that

p

&[Z

0t�u� for 5

Z

5wvx� , and that the even
symmetryof thelossfunction(4) allowsdroppingtheabso-
lute values.Thepositive normalizationconstantqyr assures
that

p

&[Z

0 integratesto oneandhasno bearingon theopti-
mization.ExpressingtheM-estimatorasin (5) yieldsanew
approachfor its computation.

Considera direction in z

.

speci�ed by the unit vector
	 . Theorthogonalprojectionof a datapoint �

� on the line
throughthe origin orientedalong 	 de�nes the coordinate
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	 in this one-dimensionalsubspace.The points
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� , �|�}�B�
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����� , obey the an unknown probability den-
sity ~
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0 , wherethe dependenceon projectiondirection
is madeexplicit. The most popularapproachfor density
estimationis the kernel densityestimator, also known as
theParzenwindow methodin patternrecognition.See[3,
Sec.4.3]for an introduction,and[17] for a morecomplete
discussion.The densityestimateat location { , computed
with thekernel
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Thecardinalobservationof our approachis theclosesim-
ilarity between(5) and(6). This allows us to replacethe
scaleparameterS in (5) with the bandwidth •

	 , and the
computationof the M-estimatorbecomesthe processof
�nding aprojectiondirection ;	 suchthat
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The inner maximizationprocesssearchesfor the modeof
thedensityestimateandalsoprovides
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The optimizationprocedurehasa simplegeometricinter-
pretation.A hyperplanewith normal 	 is placedin thedens-
estregion in z

.

suchthatthepointslocatedin theproxim-
ity of the plane,i.e., the inliers, are most clusteredwhen
projectedon thedirectionof thenormal. Sinceorthogonal
projectionis used,thecenterof this “best” clusterprovides
thelocationof thehyperplanein z

.

, thatis 4


 .
The relation (7) is the projection pursuit de�nition of

anM-estimator. Projectionpursuitsolvesestimationprob-
lemsby seeking“interesting” low-dimensionalprojections
of multidimensionaldata. The informative valueof a pro-
jection is measuredwith a projection index, such as the
quantity insidethe bracketsin (7). The papers[5] [6] are
surveysof all relatedtopics.

2.1. AdaptiveMode Search
An adaptive samplingstrategy is employedfor a computa-
tionally ef�cient searchfor themodeof
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0 in (8). This
is illustratedthroughanexample.

The 2D datain Figure1a contains100 inliers and500
uniformly distributedoutliers.Theemployedprojectiondi-
rection was chosenclose to the normal of the true inlier
structure(aline), to emphasizetheideabehindtheproposed
method.Theinliersarecorruptedwith noise†
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Figure1: An exampleof robustanalysisthroughprojection.
(a) 2D data. Solid line: the projectiondirection. Dashed
lines: boundsof the detectedinlier region. (b) The ker-
nel densityestimateof the projectedpoints. Opencircles:
coarsesampling. Filled circle: the largestestimate.Star:
themodedetectedby �ne samplingin the interval marked
with brackets on the abscissa.Vertical dashedlines: the
basinof attractionof themode.Thebarat thetoprepresent
thesizeof a window with half-width �B�
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	 . In the coarsesam-
pling step,thedensityis estimatedat ten locationsde�ned
by equidistanceindices�

�������

L

O*O�� , �T���B�
���
������� , where
9��

= roundsto thenearestinteger. This samplingstrategy as-
suresthatdenserregionsarebetterrepresentedin theanal-
ysis(Figure1b).

Kerneldensityestimation,a standardtechniqueis em-
ployed. Seefor example,[17] for a completesurvey. The
bandwidth,i.e., the sizeof the employed kernel is the pa-
rameterof this technique.It canbeshown that theoptimal
bandwidthvaluerequirestheknowledgeof thedensityto be
estimated.Severalpracticalmethodswereproposedin the
statisticalliteratureto avoid this contradiction.Taking into
accountthat we usethe M-kernelcorrespondingto the bi-
weightlossfunction(4), thefollowing bandwidthselection
formula canbe derived from the resultspresentedin [17,
Sec.3.2.2]
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wherethedependenceof the {

� ontheprojectiondirection	

wasmadeexplicit. Thebandwidth(9) is proportionalto the
robust medianabsolutedeviations (MAD) scaleestimate,

4

)%�&��� , frequentlyusedin computervision.
For the �ne samplingstepa narrow rangeis delineated

aroundthelocation �-, of thelargestdensityestimatefound
at thepreviousstep,
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= . Again
tensamplepointsarede�ned, but this time at equidistance
intervals.To increasetheaccuracy of themodelocalization
thebandwidthof thekerneldensityestimatoris reducedto

�(�21

•

	 . Themodecorrespondsto thelargestdensityamong
the10estimates(Figure1b).

The basinof attraction of themodeis delimitedby the
nearestleft andright signi�cant local minimumin theden-
sity estimate. They are evaluatedusing a simple heuris-
tic abouttheir magnitudes.Thedensityestimationprocess
startsfrom thelocationof themodeanduses�(�21

•

	 asband-
width. If the �rst minimum correspondsto at leasta 70
percentdrop from the mode,it is acceptedindependentof
thevalueof thesubsequentlocal maximum,otherwisethat
valueis alsotakeninto account.

The boundariesof the basin of attractionare usedas
thresholdsfor separatinginliers from outliers. Indeed,for
a projectiondirectioncloseto thetruenormalof thehyper-
plane, the two minima representtwo low densityregions
in 3

.

wherethe inlier structurerelinquishesits dominant
presence.Note that in generalthe two thresholdsarenot
symmetricrelative to the locationof the mode. The basin
of attractionis delineatedin Figure1b. Thecorresponding
bandin the input space(Figure1a) containsmostly points
from the inlier structureandcanbe furtherprocessedwith
traditionalrobustregressionmethods.

Thedetectionof the right boundin Figure1b is fragile.
A slightchangein theprojectedlocationof afew datapoints
couldhave changedthis boundto thenext, muchmoresig-
ni�cant local minimum. However, this sensitivity is toler-
atedby the method. First, by the natureof the projection
pursuitmany differentprojectionsareinvestigatedandthus
with high probabilitya satisfactorybandwill bedelineated
at leastfor a few of theprojectiondirections.Second,from
any reasonableinlier/outlierdichotomyof thedatapostpro-
cessingcanrecover thecorrectestimates.

Thetechniqueintroducedabove,theprojectionbasedM-
estimatorwill becalledpbM-estimator.

2.2. The Advantageof pbM-estimator
Interpretationof robustestimatorsasa searchfor the loca-
tion of thedensest(or narrowest)bandis not new. Indeed,
RANSAC determinesthe parameterestimateby trying to
placea bandof userde�ned width over the datasuchthat
thebandcontainsthemostnumberof points.In MSECand
MLESAC thedatais alsoweightedwith a functionmono-
tonicallydecreasingwith thedistancefrom thecenterof the

3



band. The LMedS estimatorcan be describedas search-
ing for thenarrowestbandcontainingat leasthalf thedata
points [12, p.126]. In this casethe usersetscalevalueis
substitutedwith a presetminimalpercentageof inliers.

In our approach,the scale S of the M-estimatoris re-
placedby thebandwidthof thekerneldensityestimator•

	 .
Thisis more thana simplesubstitution! Undertheoriginal
formulation,in redescendingM-estimatorsthescaleparam-
eterdeterminesa bandcenteredon thecurrent�t, andonly
the datapoints within this bandare taken into considera-
tion (3). The sameobservation is valid for the RANSAC
family. If thevalueof thescaleis chosentoo largethedeci-
sionaboutin whichpositiondoesthebandcontainthemost
pointswill alwaysbebasedat leastin partonoutliers.This
canyield to anerroneous�nal estimate.

In the pbM-estimatorthe bandwidth •

	 has a much
weaker in�uence on the �nal result since it is only used
in estimatingthe densityof the projectedpoints. The in-
lier/outlier dichotomyis determinedfrom theshapeof this
density. Thebandwidthis not thethresholdfor acceptance
or rejectionof datapointsin theprocessing.As long asthe
�rst signi�cant localminimaaroundthemodearerelatedto
the troughin z

.

betweenthe inliers andoutliers,satisfac-
tory estimatescanbeobtainedfor both 	 and 
 .

TheMAD scaleestimateof theresidualsfrom aninitial
�t, 4

) ����� is a frequentlyusedchoicefor tuningRANSAC
[15]. However, for heavily corrupteddata even when
basedon the true �t, 4

)
�&��� is an overestimateof the in-

lier noise. Comparethe size of the bandhaving as half-
width �B�

���

4

)
�&��� –thevaluerecommendedin [15]– shown

at thetop of Figure1b,with thebanddetectedby thepbM-
estimator, markedby verticalbarson thedensity. In prac-
tice thetrue�t is notavailableandtheresidualsof a nonro-
busttotal leastsquares(TLS) estimateareusedto compute

4

)
�&��� . This yields to evenmoresevereoverestimationof

thescaleandto a decreasein performanceis shown in Sec-
tion 4.1.

ThepbM-estimatorrequiresa searchin 3

.

for theopti-
mal directionof projection ;	 . To becomputationallyfeasi-
ble in higherdimensions,thepbM-estimatorthusmustin-
corporatean ef�cient way to implementthe maximization
(7). This is describednext.

3. Multidimensional Dir ect Search

Probabilisticsampling,discussedin Section1, will beem-
ployed.Foreachelementalsubset,i.e.,a � -tupleof pointsin
generalpositiondrawn without replacementfrom thedata,
theparametersof themodel(1) arecomputedanalytically.
From 	 the valueof the projectionindex is obtained. To
re�ne theestimatea local searcharoundtheneighborhood
of 	

�

3

.

is thenperformed.In [13], a similar ideaof re-
�nement, theuseof line search,wasadvocatedto stabilize

theperformanceof LMedS.
The optimizationcriterion (7) is nonlinearandnondif-

ferentiableandthereforeonly searchmethodswhichdonot
rely on derivativescan be considered.Several suchmul-
tidimensionalunconstrainedoptimizationtechniquesexist.
In our context, wherea searchis to beperformedfor many
elementalsubsets,theeaseof computationsis of morecon-
cern than a high accuracy of the result. We have cho-
senthe simplex baseddirect searchtechniqueproposedin
1965by NelderandMead[11, Sec.10.4].Recentlysigni�-
cantprogresswasreportedin the literaturefor this classof
searchmethods,e.g.,[9], but basedonour experiencethere
is no needto usemoresophisticated(andmorecomputa-
tionally intensive) techniques.

Thevector 	 is aunit vector. Thesearchthereforehasto
be restrictedto the � -dimensionalunit spherein 3

.

. This
conditionis satis�edby expressingtheelementsof 	 in the
polar angles�
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Thesearchis thenperformedin thespaceof �

�

3

.

�

O

.
A simplex in 3

.

�

O

is the volumedelineatedby � ver-
ticesin a nondegenerateposition. For example,in 3

+ the
simplex is a triangle,in 3

c it is a tetrahedron.In our case,
the verticesof the simplex arede�ned by the polar angle
vectors���
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� , representing� projec-
tion directions	
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. Eachvertex is associatedwith the
correspondingvalueof theprojectionindex
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i.e., the value of the function to be maximized. We can
alwaysconsiderthat initially the verticesare labeledsuch
that 
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The Nelder-Meadmethodis a heuristicto improve the

leastfavorablevalueof theoptimizationcriterion, 


O in our
case.This is achievedby �nding a new location ���

O for the
vertex �

O , suchthat 
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0 . First, �� thecentroidof

theothervertices,��� , �8� ‡l�
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� , is computed.Thenew
locationis derivedby oneof thefollowing operationsalong
thedirection �

�

�

�

O : re�ection, expansion,contraction.The
(uninvolved)technicaldetailsarenotbepresentedheredue
to lack of space,pleaseconsultoneof thementionedrefer-
ences.

The updateprocedureis now repeatedfor thenew sim-
plex having thevertices�
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Figure2: Therole of directsearch.(a) 3D dataanda plane
estimatedfrom an elementalsubset.(b) The3D datawith
the �nal planeestimate. (c) The evolution of the simplex
basedsearchin the(

�

O

�
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) spaceof polarangles.The�lled
circlesmarktheinputandtheoutputof thesearch.

iteratively till thevarianceof thefunctionvaluesassociated
with the verticesin the currentsimplex and/orthe volume
of the simplex falls below a threshold. In our context the
stoppingcriterion is of lesserin�uence. Sincemostof the
computationaleffort is spentat the�nal stepsof thesearch,
in all our experimentswe limited the numberof iterations
to 25. At convergence,thevertex associatedwith thelargest
projectionindex valueis takenastheoutputof thesearch.

Theinitial simplex is derivedfrom thepolarangle� rep-
resentingtheprojectiondirection	 de�nedby theelemental
subset.Theremaining�

� � verticesarethen
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where �

�

�

3

.

�

O

is a vectorof 0-s excepta 1 in the � -th
element.Since 	 is a projectiondirectionduringthesearch
the polar anglesare allowed to wanderoutsidethe limits
assuringa uniquerepresentationin (10).

To illustratetheeffectivenessof thesimplex baseddirect
searcha3D examplewasused.In Figure2athedataandthe
planeyieldedby an arbitraryelementalsubset(three-tuple
of datapoints)areshown. Two polaranglesareneededto
de�ne a projectiondirection in 3D, and in Figure 2c the
evolution of the searchis shown. The initial simplex is
the triangleat the bottomleft, the startingvertex � being
markedwith the �lled circle. The searchconvergesin ten
iterationsto thecorrectestimateshown in Figure2b. How-

ever, it shouldnotbeconcludedthatin generalthesearchis
alwayssosuccessful.

4. Experimental Results
Threedifferenttaskswereusedto assesstheperformanceof
thepbM-estimator. In all theexperiments,whenthepbM-
estimatoris comparedwith estimatorsfrom the RANSAC
family both usethe samenumberof computationalunits.
For RANSAC this is measuredasthenumberof employed
elementalsubsets.For the pbM-estimator, to accountfor
the iterationsof the direct searchprocedure,it is 25 times
thenumberof employedelementalsubsets.Sinceoftenthe
searchendsbefore25 stepsthenumberusedfor thepbM-
estimatoris actuallyanupperbound.

4.1. Comparisonwith RANSAC
In [15] the performanceof different estimatorsin the
RANSAC family is studied.It is shown thatMLESAC and
MSAC have very similar performanceandaresuperiorto
RANSAC.

The performanceof the pbM-estimatorwas compared
with RANSAC andMSAC for eight-dimensionalsynthetic
dataobeying theEIV model(1). The100inlier pointswere
normallydistributedwith covariancematrix 1

+

-�� arounda
hyperplane.The true samplestandard deviation of the in-
liers )�� wascomputedin eachtrial. A variablepercentage
of outlierswasuniformly distributedwithin the bounding
box of theregionoccupiedin 3

�

by theinliers. Restricting
the outliersto the boundingbox of the inliers is the worst
casesituationfor thepbM-estimator.

For eachpercentageof outliers100 trials wererun. A
trial for thepbM-estimatorwasbasedon200elementalsub-
sets,thusat most5000projectionindex computations.A
trial for RANSAC or MSAC used5000elementalsubsets.

The output of eachtechniqueis a bandcontainingthe
pointsdeclared inliers. The residualsof thesepointsfrom
the true �t have the standarddeviation 4

)

�

L . The perfor-
manceof an estimatoris thenmeasuredthroughthe ratio

4
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�

L��

)�� . For a satisfactory result, the ratio shouldbe very
closeto one.

While the pbM-estimatordoesnot requireany userset
threshold,two different scaleestimateswere suppliedto
MSAC. As the best possiblethresholdwe used S

�

.
�

�

�B�

���

)
� . To emulatethe situationin practicewe alsoused

S��
	��

�6�B�

���

4

)
�&��� computedin eachtrial basedona TLS

estimateof the parameters.The graphsin Figure3 show
that for any percentageof outliers the pbM-estimatorper-
formsat leastaswell asMSAC tunedto theoptimalscale.

4.2. Af�ne Motion Estimation
An M-estimatoris arobustversionof thetotal leastsquares
(TLS) estimator, the optimal parameterestimationtech-
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Figure3: RANSAC vs. pbM-estimator. Therelative stan-
darddeviation of the residualsfunction of the percentage
of outliers. Eight dimensionalsyntheticdata. The em-
ployed scalethreshold: RANSAC–S

� 	 � ; MSACm–S
� 	 � ;

MSACo–S

�

.
� . The pbM-estimatorhasno tuning parame-

ter. Theverticalbarsmarkonestandarddeviation from the
mean.

nique for the linear errors-in-variablesmodel (1). The
optimality of the M-estimatorthus requiresthat the mea-
surementnoise �

�

� be i.i.d. with covariancematrix )

+

-*. .
In computervision applicationsthis situationappearsonly
whentheelementsof thevector �

� aremeasuredquantities.
In thesecondexperimenttheproblemof estimatingthe

2D af�ne transformationassociatedwith a moving object
was considered.Let �

�

�

�

9

{

�

O��

{

�

+

�

=�� , ��� �B�*‡ , be
the (unknown) true coordinatesof a pair of salientpoints
in correspondence.Thesix parameteraf�ne transformation
betweenthem

�

{

+

OD�

{

+D+

���

�

R��

O*O

�

O

+

�

+

O

�

+*+

V

�

{

O*O��

{

O

+

���

�

�	�

O

�

+

�

(13)

canbe decoupledinto two three-dimensionalproblems,in
�

O*O

�

�

O

+

�

�

O and
�

+

O

�

�

+*+

�

�

+

respectively [7], eachobeying
the EIV model(1). Thus,the noisy measurementsof cor-
respondingpointsaredistributedaroundtwo planesin two
different3D spaces.Theparametersof theaf�ne transfor-
mationsareestimatedseparately, while thepointsobeying
the transformationmustbe inliers in both estimationpro-
cesses.

Thetwo imagesusedin theexperimentareshown in Fig-
ure4a.Notethemovementof thebusandcarin thecenter.
To obtainthedatapoints,�rst alargenumberof pointcorre-
spondenceswereestablished.As customary, aHarriscorner
detectorwas combinedwith correlationscoremaximiza-
tion. Next, thepointmatchesonthestaticbackgroundwere
identi�ed by having zerodisplacementandremoved. The
estimationprocessusedtheremaining87 point correspon-

(a)

(b) (c)

Figure4: Estimationof an af�ne transformation.(a) Two
framesfrom animagesequencewith markedsalientpoints.
(b) Backgroundregistration,i.e., superpositionof the two
images.(c) Registrationusingtheestimatedaf�ne motion
parameters.

dencesof which about60% werenot relatedto the move-
ment of the vehicles. Sincethe datais low dimensional,
only 10 elementalsubsets,i.e., lessthan250projectionin-
dex computationswereneededfor eachpbM-estimator.

The af�ne motion parameterswerecomputedusingthe
22 points declaredinliers by both pbM-estimators. The
quality of this estimateis shown by registeringthe images
(Figure 4c). Note the alignmentof the bus and compare
with thecasewhenthebackgroundis aligned(Figure4b).

4.3. FundamentalMatrix Estimation

Theconstraintcapturinggeometricrelationsin many com-
puter vision tasksis a nonlinearfunction of the measure-
ments,andto obtainanunbiasedestimateof its parameters
nonlinearminimizationtechniquesmustbeemployed. Of-
ten, the minimization startsfrom an initial solution com-
putedwith a TLS estimatorappliedto the linearizedcon-
straint.

Linearizationis theprocessof embeddingthenonlinear
constraintinto a higherdimensionalspace.As anexample
the estimationof the fundamentalmatrix 
 is considered.
Theepipolarconstraint

9

�

�
O��

�,=




9

�

�

+

�
�,=���� � is a bilin-

earexpressionwhich canbe rewritten undera linear form
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by de�ning thevectorin �

�

�

3

�

�

�

� �

�

�

�

O�� �

�

+

�

�

vec
9

�

OD�

�

�

+

� =��

�

�
(14)

wheretheoperatorvec
9��

= replacesthe ‡���‡ matrix with a
columnvector. Themodelparameters
 and 	 areelements
of the fundamentalmatrix. The linearizedmodelhowever
hasanimportantdifferencerelative to (1). It canbeshown
that thenoiseprocessassociatedwith the “measurements”

� is pointdependent,i.e.,heteroscedastic,andthereforethe
TLS estimatoris no longertheoptimal technique[8]. The
roleof thepbM-estimatoris thuslimited to discriminatein-
liers from outliers.Furthermore,theranktwo constraintof


 is alsonot takeninto account.
First, two far apartframesfrom thepopularcorridor se-

quence(Figure5a)wereused.Fromtheestablishedcorre-
spondences265point pairswereretained.Groundtruth is
availablefor this sequence,andthehistogramof theresid-
uals (computedin 8D) is shown in Figure 5b. From the
histogram105 points were de�ned as inliers (Figure 5c),
having thestandarddeviation )

�
� �i� ()( .

ThepbM-estimator, wasbasedon600elementalsubsets,
lessthan15000projectionindex computations.Using the
15000elementalsubsets,MSAC wastunedto the optimal
scaleandto thescalederivedfrom theMAD estimate.The
numbertrue inliers amongthe pointsselectedby an esti-
matorand the ratio betweenthe standarddeviation of the
selectedpointsandthatof thetrue inlier noise,areusedas
performancemeasures.ThepbM-estimatorclearlyoutper-
formstheMSAC in spiteof beingcompletelyautonomous.

PerformanceComparison- Corridor ImagePair

selectedpoints/trueinliers 4

)

�

L
�

)
�

MSAC ( S
� 	 � ) 219/105 42.32

MSAC ( S

�

.
� ) 98/87 1.69

pbM 95/88 1.36

The pointsdetectedby thepbM-estimatorwereusedto
obtainanunbiasedfundamentalmatrixestimatewith anon-
linearmethodin thepackage[18] discussedin [19]. Theav-
erageerrorcomputedby theprogramrelative to theground
truthwas2.4pixels.

No groundtruth is availablefor thecastlesequence(Fig-
ure 6a). To have a referencefundamentalmatrix, �rst 30
reliablepoint matcheswerede�ned by inspectionandthe
matrixwascomputedwith thenonlinearestimationmethod.
The histogramsof the residualscomputedin 8D from this
synthesizedgroundtruthareverysimilar to theonesin Fig-
ures5band5c. A totalof 297pointpairswerechosenfrom
thepossiblematches,amongwhich102werede�ned asin-
liersand195outliers.Theinliershad )��_� �i� 1

�

. Usingthe
sameprocedureasfor thecorridor imagesthefollowing re-
sultswereobtained.

(a)
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(d)

Figure5: Estimatingtheepipolargeometryfor two frames
of the corridor sequence.(a) The input imageswith the
point correspondencesmarked. (b) Histogramof theresid-
uals from the groundtruth. (c) Histogramof the inliers.
(d) Theretainedpoints,theestimatedepipolesandepipolar
lines.

PerformanceComparison- CastleImagePair

selectedpoints/trueinliers 4

)

�

L
�

)
�

MSAC ( S�� 	 � ) 243/102 25.38
MSAC ( S

�

.
� ) 102/97 1.07

pbM 100/99 0.99

The performanceof pbM-estimator exceeds that of
MSAC tunedto theoptimalscalewhich is not availablein
practice. The error associatedwith the nonlinearestimate
computedstartingfrom thepbM-estimateis only 0.25pix-
els,probablydueto thesynthesizedgroundtruth.

The in�uence of guidedsamplingwas investigatedby
usingonly 200subsetsfor thepbM-estimatorand5000for
RANSAC tunedwith S

�

.
� . Whenguided,thesamplingwas

restrictedto point pairswith a correlationscoreof at least

7



(a)

(b)

Figure6: Estimatingtheepipolargeometryfor two frames
of thecastlesequence.(a) Theinput imageswith thepoint
correspondencesmarked.(b) Theretainedpoints,andafew
epipolarlines.

0.7. Guidedsamplingimproved the relative residualerror
for RANSACfrom 11.73to 2.61,andfor thepbM-estimator
from3.15to 1.32.Weusedalesssophisticatedstrategy than
in [14], but for thecastleimagepair eventhis provedto be
effective.

5. Discussion
ThepbM-estimatorcanbeusedasa computationalmodule
in therobustanalysisof datacontainingmultiplestructures.
Prior to theanalysis,however, a subsetof datapointsmust
be selectedin which only onestructuredominates.In [1]
we usedfor selectionthedensityassumption, i.e., thelocal
densityin any inlier structureexceedsthat of the outliers.
The�nal parameterestimateswerethenobtainedby robust
clusteringin theparameterspace.

There are two seriouslimitations with that approach.
First, the density assumptionis clearly violated by lin-
earizedmodelssincea mappinglike (14) inducesa noneu-
clideanmetricin thelinearizedspacewheretheprojections
areto becomputed.Second,employing clusteringrequires
thatsigni�cant supportwasgatheredfor every inlier struc-
ture to be detected.This puts unnecessaryburdenon the
dataanalysis. Currentlywe are investigatingan approach
whichwill avoid thesetwo limitations.
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