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Abstract

Therohustregressiortechniqguesn the RANSA family are
populartodayin computewision,but their performancele-
pendsona usersuppliedthreshold We eliminatethis draw-
badk of RANSA by reformulatinganotherrobust method,
the M-estimatoy as a projectionpursuit optimizationprob-
lem. TheprojectionbasedobM-estimatoautomaticallyde-
rivesthethresholdfromunivariatekerneldensityestimates.
Neverthelessthe performanceof the ppM-estimatoequals
or exceedghat of RANSA techniquestunedto the opti-
malthreshold,a valuewhich is never availablein practice
Experimentsvere performedboth with syntheticand real
datain the af ne motion and fundamentaimatrix estima-
tion tasks.

1. An Analysis of Robust Regression

Rolustregressiornis the genericnameof techniquesvhich
estimatea parametricregressionmodelin the presenceof
signi cant number of data points not belongingto that
model, i.e., outliers. The “secret'of robust estimationis
the useof valid additionalassumptiongboutthe data. The
scaleof thedataof interestj.e.,a measuref thenoisecor
ruptingtheinliers (suchasstandarddeviation or range),is
the most frequently usedadditionalassumption. The ro-
bustregressiorntechniquemostpopularin computervision
RANSAC [4] andits improved versionsMSAC and MLE-
SAC[15], [16], imposeanupperboundonthescaleandthe
parameteestimatesrefoundby maximizingthenumberof
points(inliers) which canbe placedwithin this bound.The
additionalassumptiorbehindthe leastmedianof squares
(LMedS) estimator[12] and similar techniqueds equia-
lent. A lower boundis imposedon the requiredpercentage
of inliersin thedata,andthe parameteestimatesarefound
by minimizing the scaleof datasubset®f this size.

In realapplicationshowever, oftenthereis notenougha
priori knowledgeto reliably de ne additionalinformation.
Embeddinghe robustestimatorinto a secondoptimization
procesover therangeof possibleboundse.g.,[10], is not
agenerakenoughsolution. Indeed wheneverthe employed
assumptionsire not valid, the robustregressionrmay yield
erroneougesults,which in turn can corruptthe compari-
son acrossdifferent operatingconditions. The technique
describedn this paperdoesnot require the userto provide
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ary scaleestimate,insteadit exploits an intrinsic relation
betweerthe optimizationcriterionandthe dataspace.

Probabilisticsamplingis the searchtechniqueof choice
to minimize the optimizationcriterion of the robustregres-
sionsin the RANSAC family and LMedS. Elementalsub-
setscontainingthe smallesthumberof datapoints which
uniquely de ne a model parametercandidateare dravn
without replacementrom the data. The quality of the can-
didateis thenassessedsingall the datapointsandthe -
nal estimatas found by comparisorover a numberof such
candidate§l2, p.198]. Thisnumberhowever, becomesin-
feasiblelarge whenthe outliersdominatein the dataor the
datais highdimensional A possiblesolutionis guidedsam-
pling, in which additionalinformationaboutthe probability
of adatapointbeinganinlier is integratednto thesampling
processe.g.,[14].

It is very importantto recognizethat while probabilis-
tic samplingis a computationatool with no relationto the
optimizationcriterion, guidedsamplingis a robust proce-
dure sinceit alsoexploits additionalinformation. But re-
liable informationto guide samplingcannotbe guaranteed
in mary computervision applications,and the robust re-
gressiormethodproposedn this papershiftsthe emphasis
from samplingin the input spaceto an ef cient searchin
thespaceof theparameters.

In Section2 by reformulatingthe M-estimatoroptimiza-
tion criterion, we introducea new generictechnique,the
pbM-estimatoy which doesnot requirethe userto provide
the scaleestimate.A multidimensionaldirect searchtech-
nigueusingsimplex, describedn Section3, keepsghecom-
putationalburdenat a satishctorylevel. In Section4 the
performanceof pbM-estimatoris comparedto techniques
from the RANSAC family for syntheticdataandtwo vision
applicationsaf ne motionandfundamentamatrix estima-
tion.

2. M-estimate Computation Using
Projection Pursuit

The principle behindthe methoddiscussedn this section
was rst proposedn [1], aspartof adifferentapproachim-

ited to low-dimensionabata. Seealso Section5. Herewe
provide the implementatiorfor arbitrarydimensionadata,
andintroducea new robustregressiortechniquethe pbM-



estimator

The classof linear errors-in-variables(EIV) modelsis
adequatdor mary computervision problems. Let be
thetruevaluesof the -dimensionameasurements . The
following EIV modelis of interestto us

1)

wheretheadditive zero-meameasuremenioise  isin-
dependenandidentically distributed (i.i.d.), with an arbi-
trary symmetricdistribution. Note thatin generalthe scale
of thenoise the standardleviation , is unknown.

The ambiguityup to a multiplicative constanof (1) can
be eliminatedby taking . Thisis the Hessiamor
mal representatiowf the linear constraintandit is easyto
provethatin this casethe algebraicandgeometricdistance
of  fromthehyperplanéhave the samevalue

)

where istheorthogonabprojectionof  ontheplane.

Wehaveshavnin [2], thatall themajorrobustregression
techniquesisedin computervision canbe expressedsM-
estimators.Taking into account(2) the M-estimatorof the
EIV modelparameterss

- - ®3)
subjectto

where is the scaleparameterand is a nonngative,
even symmetriclossfunction, nondecreasingvith and
having the uniqueminimum . Theredescending
M-estimatorwith biweightlossfunction

if

it 4
is asatishctorychoicefor mostapplications Theoptimiza-
tion criterion (3) of the M-estimatorcanberewritten as

- —_— )
where will becalledtheM-kernelfunc-
tion. Note that for , andthat the even

symmetryof thelossfunction(4) allows droppingtheabso-
lute values.The positive normalizationconstant assures
that integratesto oneandhasno bearingon the opti-
mization.Expressinghe M-estimatorasin (5) yieldsanew
approactor its computation.

Considera directionin speci ed by the unit vector

. Theorthogonalprojectionof adatapoint  ontheline
throughthe origin orientedalong de nes the coordinate
in this one-dimensionasubspace.The points

, , obey the an unknownn probability den-
sity , Wherethe dependencen projectiondirection
is madeexplicit. The mostpopularapproachfor density
estimationis the kernel density estimator also known as
the Parzenwindow methodin patternrecognition. See[3,
Sec.4.3ffor anintroduction,and[17] for a morecomplete
discussion. The density estimateat location , computed

with thekernel scaledto bandwidth  is

(6)

The cardinalobsenation of our approachs the closesim-
ilarity between(5) and (6). This allows us to replacethe
scaleparameter in (5) with the bandwidth , andthe
computationof the M-estimator becomesthe processof
nding aprojectiondirection suchthat

(7)

The inner maximizationprocesssearchegor the modeof
thedensityestimateandalsoprovides

(8)

The optimizationprocedurehasa simple geometricinter-
pretation.A hyperplanavith normal is placedn thedens-
estregionin suchthatthe pointslocatedin the proxim-
ity of the plane,i.e., the inliers, are most clusteredwhen
projectedon the directionof the normal. Sinceorthogonal
projectionis used the centerof this “best” clusterprovides
thelocationof thehyperplanen |, thatis

The relation (7) is the projection pursuit de nition of
an M-estimator Projectionpursuitsolvesestimationprob-
lemsby seeking‘interesting” low-dimensionalprojections
of multidimensionadata. The informative value of a pro-
jection is measuredvith a projection index, such as the
guantityinsidethe bracletsin (7). The paperg5] [6] are
sunweys of all relatedtopics.

2.1 Adaptive Mode Search

An adaptve samplingstratey is employedfor a computa-
tionally ef cient searchfor the modeof in (8). This
is illustratedthroughanexample.

The 2D datain Figure 1a contains100 inliers and 500
uniformly distributedoutliers. The employed projectiondi-
rection was chosencloseto the normal of the true inlier
structurgaline), to emphasiz¢heideabehindtheproposed
method.Theinliers arecorruptedwith noise



(b)

Figurel: An exampleof robustanalysighroughprojection.
(a) 2D data. Solid line: the projectiondirection. Dashed
lines: boundsof the detectedinlier region. (b) The ker-
nel densityestimateof the projectedpoints. Opencircles:
coarsesampling. Filled circle: the largestestimate. Star:
the modedetectedoy ne samplingin the interval marked
with braclets on the abscissa. Vertical dashedines: the
basinof attractionof themode.Thebaratthetop represent
the sizeof awindow with half-width

Let , , bethe orderedsequencef the
projections,i.e., . In the coarse sam-
pling step,the densityis estimatedat tenlocationsde ned
by equidistancéndices -, , where

roundsto the nearestnteger This samplingstrateyy as-
suresthatdenserregionsarebetterrepresenteih theanal-
ysis(Figurelb).

Kernel density estimation,a standardtechniqueis em-
ployed. Seefor example,[17] for a completesurey. The
bandwidth,i.e., the size of the employed kernelis the pa-
rameterof this technique.lt canbe shovn thatthe optimal
bandwidthvaluerequiregheknowledgeof thedensityto be
estimated.Several practicalmethodswvere proposedn the
statisticalliteratureto avoid this contradiction.Taking into
accountthat we usethe M-kernelcorrespondingo the bi-
weightlossfunction(4), the following bandwidthselection
formula can be derived from the resultspresentedn [17,
Sec.3.2.2]

med med — (9

wherethedependencefthe ontheprojectiondirection

wasmadeexplicit. Thebandwidth(9) is proportionatlto the

robust medianabsolutedeviations (MAD) scaleestimate,
, frequentlyusedin computervision.

For the ne samplingstepa narrov rangeis delineated
aroundthelocation of thelargestdensityestimatefound
at the previous step, . Again
tensamplepointsarede ned, but this time at equidistance
intervals. To increaseheaccurag of themodelocalization
the bandwidthof the kerneldensityestimatoris reducedo

. Themodecorrespondso thelargestdensityamong
the 10 estimategFigure1b).

The basinof attraction of the modeis delimited by the
nearesteft andright signi cant local minimumin theden-
sity estimate. They are evaluatedusing a simple heuris-
tic abouttheir magnitudes.The densityestimationprocess
startsfrom thelocationof themodeanduses asband-
width. If the rst minimum corresponddo at leasta 70
percentdrop from the mode, it is acceptedndependenbf
thevalueof the subsequenbcal maximum,otherwisethat
valueis alsotakeninto account.

The boundariesof the basin of attractionare usedas
thresholdgfor separatingnliers from outliers. Indeed,for
aprojectiondirectioncloseto thetrue normalof the hyper
plane, the two minima representwo low densityregions
in wherethe inlier structurerelinquishesits dominant
presence.Note thatin generalthe two thresholdsare not
symmetricrelative to the locationof the mode. The basin
of attractionis delineatedn Figurelb. The corresponding
bandin the input space(Figure 1a) containsmostly points
from the inlier structureand canbe further processeavith
traditionalrobustregressiommethods.

The detectionof the right boundin Figurel1bis fragile.
A slightchangen the projectedocationof afew datapoints
could have changedhis boundto the next, muchmoresig-
ni cant local minimum. However, this sensitvity is toler
atedby the method. First, by the natureof the projection
pursuitmary differentprojectionsareinvestigatedandthus
with high probability a satishctorybandwill bedelineated
atleastfor afew of the projectiondirections.Secondfrom
ary reasonabl@lier/outlier dichotomyof the datapostpro-
cessingcanrecoverthe correctestimates.

Thetechniquentroducedabove,theprojectionbasedv-
estimatowill be calledpbM-estimator

2.2 The Advantageof pbM-estimator

Interpretationof robust estimatorsasa searchfor the loca-
tion of the densesfor narravest)bandis not new. Indeed,
RANSAC determineghe parameterestimateby trying to
placea bandof userde ned width over the datasuchthat
thebandcontainghe mostnumberof points.In MSECand
MLESAC the datais alsoweightedwith a function mono-
tonically decreasingvith thedistancdrom thecenterof the



band. The LMedS estimatorcan be describedas search-
ing for the narrovestbandcontainingat leasthalf the data
points[12, p.126]. In this casethe usersetscalevalueis
substitutedvith a presetminimal percentaye of inliers.

In our approach the scale of the M-estimatoris re-
placedby the bandwidthof thekerneldensityestimator
Thisis more thana simplesubstitution! Underthe original
formulation,in redescendiniyl-estimatorghescaleparam-
eterdetermines bandcenteren thecurrent t, andonly
the datapoints within this bandare taken into considera-
tion (3). The sameobsenationis valid for the RANSAC
family. If thevalueof thescaleis chosertoo largethedeci-
sionaboutin which positiondoesthebandcontainthe most
pointswill alwaysbebasedatleastin parton outliers. This
canyield to anerroneousnal estimate.

In the pbM-estimatorthe bandwidth has a much
wealer in uence on the nal resultsinceit is only used
in estimatingthe densityof the projectedpoints. The in-
lier/outlier dichotomyis determinedrom the shapeof this
density The bandwidthis not the thresholdfor acceptance
or rejectionof datapointsin the processingAs long asthe
rst signi cantlocal minimaaroundthemodearerelatedto
thetroughin betweertheinliers andoutliers,satishc-
tory estimatecanbeobtainedfor both and .

The MAD scaleestimateof theresidualsrom aninitial
t, is a frequentlyusedchoicefor tuning RANSAC
[15]. However, for heavily corrupteddata even when
basedon the true t, is an overestimateof the in-
lier noise. Comparethe size of the bandhaving as half-
width —thevaluerecommendeth [15]- showvn
atthetop of Figure1b, with the banddetectedy the pbM-
estimator marked by vertical barson the density In prac-
ticethetrue t is notavailableandtheresidualof anonro-
busttotal leastsquaregTLS) estimateareusedto compute

. Thisyieldsto even moresevereoverestimatiorof
thescaleandto adecreasén performances shovnin Sec-
tion4.1.

The pbM-estimatorequiresa searchn  for the opti-
mal directionof projection . To be computationallyfeasi-
ble in higherdimensionsthe pbM-estimatoithus mustin-
corporatean ef cient way to implementthe maximization
(7). Thisis describechext.

3. Multidimensional Direct Seaich

Probabilisticsampling,discussedn Sectionl, will beem-
ployed.For eachelementabubseti.e.,a -tupleof pointsin
generalpositiondravn without replacementrom the data,
the parametersf the model (1) arecomputedanalytically
From the value of the projectionindex is obtained. To
re ne the estimatea local searcharoundthe neighborhood
of is thenperformed.In [13], a similar ideaof re-
nement, the useof line searchwasadwcatedto stabilize

theperformancef LMedS.

The optimizationcriterion (7) is nonlinearand nondif-
ferentiableandthereforeonly searchmethodswhich do not
rely on derivatives can be considered. Several suchmul-
tidimensionalunconstraineaptimizationtechniquesxist.
In our context, wherea searchis to be performedfor mary
elementabubsetsthe easenof computationss of morecon-
cern than a high accurag of the result. We have cho-
senthe simplex baseddirect searchtechniqueproposedn
1965by NelderandMead[11, Sec.10.4].Recentlysigni -
cantprogresswvasreportedin the literaturefor this classof
searchmethodsege.g.,[9], but basedon our experiencehere
is no needto usemore sophisticatedand more computa-
tionally intensive) techniques.

Thevector isaunitvector Thesearchthereforehasto
be restrictedto the -dimensionalunit spherein . This
conditionis satis ed by expressinghe elementof in the
polar angles , Where
for ,and ,

(10)

Thesearchs thenperformedn the spaceof .

A simplex in is the volumedelineatedby ver
ticesin a nondgenerateposition. For example,in the
simplex is atriangle,in it is atetrahedronln our case,
the verticesof the simplex are de ned by the polar angle
vectors , , representing projec-
tion directions . Eachvertex is associatedvith the
correspondingalueof the projectionindex

(11)

i.e., the value of the function to be maximized. We can
always considerthatinitially the verticesarelabeledsuch
that .

The NelderMead methodis a heuristicto improve the
leastfavorablevalueof theoptimizationcriterion, in our
case.Thisis achievedby nding anew location  for the
vertex , suchthat . First, thecentroidof
theothervertices, , is computed.Thenew
locationis derivedby oneof thefollowing operationslong
thedirection : re ection, expansiongontraction.The
(uninvolved)technicaldetailsarenot be presentedheredue
to lack of spacepleaseconsultoneof the mentionedefer
ences.

The updateprocedurds now repeatedor the new sim-
plex having thevertices . Thesearclevolves



Figure2: Therole of directsearch(a) 3D dataanda plane
estimatedrom an elementakubset.(b) The 3D datawith
the nal planeestimate.(c) The evolution of the simplex
basedsearchn the ( ) spaceof polarangles.The lled
circlesmarktheinputandthe outputof thesearch.

iteratively till thevarianceof thefunctionvaluesassociated
with the verticesin the currentsimplex and/orthe volume
of the simplex falls belov a threshold. In our context the
stoppingcriterionis of lesserin uence. Sincemostof the
computationaéffort is spentatthe nal stepsof thesearch,
in all our experimentswe limited the numberof iterations
to 25. At corvergencethevertex associatedvith thelargest
projectionindex valueis takenasthe outputof the search.
Theinitial simplex is derivedfrom thepolarangle rep-
resentingheprojectiondirection de nedbytheelemental
subsetTheremaining verticesarethen

— (12)

where is avectorof O-sexcepta 1l in the -th
element.Since is aprojectiondirectionduringthesearch
the polar anglesare allowed to wanderoutsidethe limits
assuringa uniquerepresentatiom (10).
Toillustratetheeffectivenes®f the simplex basedlirect
searcha 3D examplewasused.In Figure2athedataandthe
planeyieldedby an arbitraryelementakubsefthree-tuple
of datapoints)are shovn. Two polaranglesareneededo
de ne a projectiondirectionin 3D, andin Figure 2c the
evolution of the searchis shovn. The initial simplex is
the triangle at the bottomleft, the startingvertex  being
marked with the lled circle. The searchcorvergesin ten
iterationsto the correctestimateshavn in Figure2b. How-

ever, it shouldnotbeconcludedhatin generathesearchis
alwayssosuccessful.

4. Experimental Results

Threedifferenttaskswereusedto assesthe performancef
the pbM-estimator In all the experimentswhenthe pbM-
estimatoris comparedwith estimatordrom the RANSAC
family both usethe samenumberof computationalunits.
For RANSAC thisis measuredsthe numberof employed
elementalsubsets. For the pbM-estimatoy to accountfor
theiterationsof the direct searchprocedureijt is 25 times
thenumberof emplgyedelementakubsetsSinceoftenthe
searchendsbefore25 stepsthe numberusedfor the pbM-
estimatoris actuallyanupperbound.

4.1 Comparisonwith RANSAC

In [15] the performanceof different estimatorsin the
RANSAC family is studied.lt is shavn thatMLESAC and
MSAC have very similar performanceand are superiorto
RANSAC.

The performanceof the pbM-estimatorwas compared
with RANSAC andMSAC for eight-dimensionasynthetic
dataobeying the EIV model(1). The100inlier pointswere
normally distributedwith covariancematrix arounda
hyperplane.The true samplestandad deviation of the in-
liers wascomputedn eachtrial. A variablepercentage
of outlierswas uniformly distributed within the bounding
box of theregionoccupiedn by theinliers. Restricting
the outliersto the boundingbox of the inliers is the worst
casesituationfor the ppM-estimator

For eachpercentagef outliers 100 trials wererun. A
trial for the ppM-estimatowasbasedn200elementasub-
sets,thus at most5000 projectionindex computations.A
trial for RANSAC or MSAC used5000elementakubsets.

The output of eachtechniqueis a band containingthe
pointsdeclaredinliers. The residualsof thesepointsfrom
the true t have the standarddeviation . The perfor
manceof an estimatoris then measuredhroughthe ratio

. For a satishctory result, the ratio shouldbe very
closeto one.

While the pbM-estimatordoesnot requireary userset
threshold,two different scale estimateswere suppliedto
MSAC. As the best possiblethresholdwe used

. To emulatethe situationin practicewe alsoused
computedn eachtrial basedona TLS

estimateof the parameters.The graphsin Figure 3 shav
thatfor arny percentagef outliersthe pbM-estimatomper
formsatleastaswell asMSAC tunedto the optimalscale.

4.2 Afne Motion Estimation

An M-estimatoris arobustversionof thetotal leastsquares
(TLS) estimatoy the optimal parameterestimationtech-
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Figure3: RANSAC vs. pbM-estimator Therelative stan-
dard deviation of the residualsfunction of the percentage
of outliers. Eight dimensionalsyntheticdata. The em-
ployed scalethreshold: RANSAC— ; MSACm- ;
MSACo- . The pbM-estimatorhasno tuning parame-
ter. Theverticalbarsmarkonestandardieviation from the
mean.

nique for the linear errors-in-ariablesmodel (1). The
optimality of the M-estimatorthus requiresthat the mea-
suremenmnoise bei.i.d. with covariancematrix
In computervision applicationghis situationappearsonly
whentheelementof thevector aremeasuedquantities.
In the secondexperimentthe problemof estimatingthe
2D af ne transformationassociatedvith a moving object
was considered. Let , , be
the (unknown) true coordinatesof a pair of salientpoints
in correspondencd&.hesix parameteaf ne transformation
betweerthem

(13)

canbe decouplednto two three-dimensiongbroblems,in

and respectiely [7], eachobeying
the EIV model(1). Thus,the noisy measurementsf cor-
respondingpointsaredistributedaroundtwo planesin two
different3D spaces.The parameter®sf the af ne transfor
mationsare estimatedseparatelywhile the pointsobeying
the transformatiormustbe inliers in both estimationpro-
cesses.

Thetwo imagesusedn theexperimentareshavn in Fig-
ure4a. Notethe movementof the busandcarin thecenter
To obtainthedatapoints, rst alargenumberof pointcorre-
spondencewereestablishedAs customaryaHarriscorner
detectorwas combinedwith correlationscoremaximiza-
tion. Next, the pointmatchesonthe staticbackgroundvere
identi ed by having zerodisplacemenandremoved. The
estimationprocesausedthe remaining87 point correspon-

(b) (©

Figure4: Estimationof anafne transformation.(a) Two
framesfrom animagesequencevith markedsalientpoints.
(b) Backgroundregistration,i.e., superpositiorof the two
images.(c) Ragistrationusingthe estimatedaf ne motion
parameters.

dencesof which about60% were not relatedto the move-
ment of the vehicles. Sincethe datais low dimensional,
only 10 elementakubsetsi.e., lessthan250 projectionin-
dex computationsvereneededor eachpbM-estimator
The af ne motion parametersvere computedusingthe
22 points declaredinliers by both pbM-estimators. The
quality of this estimateis shavn by registeringthe images
(Figure 4c). Note the alignmentof the bus and compare
with the casewhenthe backgrounds aligned(Figure4b).

4.3, Fundamental Matrix Estimation

The constraintcapturinggeometricrelationsin mary com-
putervision tasksis a nonlinearfunction of the measure-
ments,andto obtainanunbiasecdestimateof its parameters
nonlinearminimizationtechniquesnustbe employed. Of-
ten, the minimization startsfrom an initial solutioncom-
putedwith a TLS estimatorappliedto the linearizedcon-
straint.

Linearizationis the procesof embeddinghe nonlinear
constraintinto a higherdimensionakpace.As an example
the estimationof the fundamentamatrix  is considered.
Theepipolarconstraint is a bilin-
earexpressionwhich canbe rewritten undera linear form



by de ning thevectorin

vec (14)

wherethe operatorvec replacegshe matrix with a
columnvector Themodelparameters and areelements
of the fundamentamatrix. Thelinearizedmodelhowever
hasanimportantdifferencerelative to (1). It canbe shovn
thatthe noiseprocessassociatedvith the “measurements”
is pointdependent, e., heteroscedastigndthereforethe
TLS estimatoris no longerthe optimal technique[8]. The
role of the pbM-estimatois thuslimited to discriminatein-
liers from outliers. Furthermorethe ranktwo constraintof
is alsonottakeninto account.

First, two far apartframesfrom the popularcorridor se-
guence(Figure5a) wereused.Fromthe establishedorre-
spondence&65 point pairswereretained. Groundtruth is
availablefor this sequenceandthe histogramof the resid-
uals (computedin 8D) is shovn in Figure 5b. From the
histogram105 points were de ned as inliers (Figure 5c),
having the standardieviation .

ThepbM-estimatorwasbasedn 600elementabubsets,
lessthan 15000projectionindex computations.Using the
15000elementakubsetsMSAC wastunedto the optimal
scaleandto the scalederivedfrom the MAD estimate.The
numbertrue inliers amongthe points selectecby an esti-
mator andthe ratio betweenthe standarddeviation of the
selectedhointsandthat of thetrueinlier noise,areusedas
performanceneasuresThe pbM-estimatorclearly outper
formsthe MSAC in spiteof beingcompletelyautonomous.

PerformanceComparison Corridor Image Pair

selectegoints/trueinliers
MSAC ( ) 219/105 42.32
MSAC( ) 98/87 1.69
pbM 95/88 1.36
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Figure5: Estimatingthe epipolargeometryfor two frames
of the corridor sequence.(a) The input imageswith the
point correspondencararked. (b) Histogramof theresid-
uals from the groundtruth. (c) Histogramof the inliers.
(d) Theretainedpoints,the estimatedepipolesandepipolar

The pointsdetectedy the pbM-estimatomwere usedto
obtainanunbiasedundamentamatrix estimatewith anon-
linearmethodn thepackagd18] discussedh [19]. Theav-
erageerrorcomputecby the programrelative to theground
truthwas2.4 pixels.

No groundtruthis availablefor thecastlesequencéFig-
ure 6a). To have a referencefundamentamatrix, rst 30
reliable point matchesvere de ned by inspectionandthe
matrixwascomputedvith thenonlinearestimatiormethod.
The histogramsof the residualscomputedn 8D from this
synthesizedroundtruth arevery similarto theonesin Fig-
ures5band5c. A total of 297 point pairswerechoserfrom
thepossiblematchesamongwhich 102werede ned asin-
liersand195outliers. Theinliers had . Usingthe
sameprocedureasfor thecorridor imageshefollowing re-
sultswereobtained.

lines.

PerformanceComparison Castlelmage Pair

selectegoints/truenliers
MSAC ( ) 243/102 25.38
MSAC( ) 102/97 1.07
pbM 100/99 0.99

The performanceof pbM-estimator exceedsthat of
MSAC tunedto the optimal scalewhich is not availablein
practice. The error associatedvith the nonlinearestimate
computedstartingfrom the pbM-estimatés only 0.25 pix-
els,probablydueto the synthesize@roundtruth.

The in uence of guided samplingwas investigatedby
usingonly 200 subsetdor the pbM-estimatorand5000for
RANSAC tunedwith . Whenguided,thesamplingwas
restrictedto point pairswith a correlationscoreof at least
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Figure6: Estimatingthe epipolargeometryfor two frames
of the castlesequence(a) Theinputimageswith the point
correspondencanarked. (b) Theretainedpoints,andafew
epipolarlines.

0.7. Guidedsamplingimproved the relative residualerror

for RANSAC from 11.73to 2.61,andfor thepbM-estimator
from 3.15t0 1.32.We usedalesssophisticatedtrategy than

in [14], but for the castleimagepair eventhis provedto be

effective.

5. Discussion

The pbM-estimatorcanbe usedasa computationamodule
in therobustanalysisof datacontainingmultiple structures.
Prior to the analysis however, a subsebf datapointsmust
be selectedn which only one structuredominates.In [1]
we usedfor selectionthe densityassumptioni.e., thelocal
densityin ary inlier structureexceedsthat of the outliers.
The nal parameteestimatesverethenobtainedby robust
clusteringin the parametespace.

There are two seriouslimitations with that approach.
First, the density assumptionis clearly violated by lin-
earizedmodelssincea mappinglike (14) inducesa noneu-
clideanmetricin thelinearizedspacewnherethe projections
areto be computed.Secondemploying clusteringrequires
thatsigni cant supportwasgatheredor every inlier struc-
ture to be detected. This puts unnecessarpurdenon the
dataanalysis. Currentlywe are investigatingan approach
whichwill avoid thesetwo limitations.
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