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The filters provide the optimal (in least squares sense), closed form solution to the problem:

Discrete data defined on the regular one-dimensional grid
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, is
assumed to represent samples of a degree � polynomial additively corrupted by zero-
mean measurement noise. Estimate in

�����
the value of the � -th ( ����� ) derivative of

the underlying polynomial.

The filters are obtained employing orthogonal polynomial bases defined over a discrete interval.
Chebyshev polynomials yield the filters for unweighted data, Krawtchouk polynomials yield the
filters for data weighted with binomial weights. Note that the filters are valid only for the regular
sampling grid which is a necessary condition for the orthogonality of the polynomials to hold.

The sequence ��� ��� � � ��� , ���������
	
	
	��
���
	
	
	����
, is the filter for estimating the � -th derivative

when a degree-� polynomial is assumed for the underlying structure. The filter is applied as

 "!$# � !$# � %&')(�* % ���
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Some important properties:- The same filter is obtained for two consecutive degrees of the underlying polynomial. For
any given � and � such that .0/21��3��45� �76 � ���

, ��� ��� � � ���98:��� ��� � � �;4=<>� .- ��� ����� � � ��� � � � <>�@?7��� ��� � � ���- When the input consist of the uncorrupted samples of a polynomial (up to degree � ), the out-
put is the theoretical value, i.e., it is not distorted.- The smoothing filters, i.e., ��� ���
��� ��� ,

– preserve the first � moments of the true (uncorrupted) input
– achieve maximal (in least squares sense) noise rejection.

Combining two filters in a dyadic product provides 2D window operators. For example, weighting
the data (using filters derived from the Krawtchouk polynomials) and smoothing along one coordi-
nate with constant/linear underlying structure, while computing the first derivative along the other
coordinate with linear/quadratic structure, yields an edge detector very similar to the widely used
implementation of the Canny operator.
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Unweighted Data

The filters �$AB� ��� � � ��� are built using the Chebyshev polynomials, � being the smaller of the two
polynomial degrees yielding identical sequences.

Smoothing. � ���
. � �C� /EDF< .

�$AB� ���
���
� � � <6>� 4�<
Smoothing. � ���

. � �G6 /ED9H .
�$AI� ���
���76 � �:� H$J K �,LI� �MH �NL 4OH �P� <>�@Q� 6>�R� <>�S� 6>� 4=<>�S� 6>� 4OHT�

Smoothing. � ���
. � ��U /EDBK .

�$AI� ���
����U � � <"KVJ WEH �MXY� HZKV� 6>� L 4 6>�P� HT� � L 4C�[<"K ��X 4OH �\�N]Y� HZK � L � K �\� 4=< 6 �@QU � 6>�P� HT�S� 6>�P� <>�S� 6>� 4�<>�S� 6>� 4OHT�S� 6>� 4^KZ�
First derivative. � � < . � � <_/ED 6 .
�$AB� ��� < � <>� � H �� � � 4=<>�S� 6>� 4=<>�

First derivative. � � < . � � H`/ED U .
�$AB� ��� < � HT� �a� KVJ bV�MH � L 4OH �P� <>� �,]I� KV�MH ��X 4OW �N]Y� H � 4=<>� � Q� �P� <>� � � � 4=<>�S� � 4 6 �S� 6>�P� <>�S� 6>� 4=<>�S� 6>� 4OHT�

First derivative. � � < . � � K�/ED9W .
�$AB� ��� < � KZ� � c 6 <U�d HEH$�[<"K ��X 4OH �\�N]I� HZK � L � K �\� 4=< 6 � �,ef�� �P�O6 �S� �P� <>� � � � 4=<>�� < � KV�MW �Ng 4=<fh �NeI� <"K ��XY� W �\�N] 4=<"b � L 4^K �\�P� < 6 � �,] 4� � 4 6 �S� � 4OHT�S� 6>�P� HT�S� 6>�P� <>�4ibV� 6 K �Nj 4=< �E�\��kB� K �\�NgI� K �E�\�NeI��l K ��X 4^b\W �\�N] 4=<fh �\� L � H �E�\� 4^b 6 � �� 6>� 4=<>�S� 6>� 4OHT�S� 6>� 4^KZ�
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Second derivative. � �C6
. � �C6 /ED9H .

�$AB� ���762�76 � � H � J H � L �m� � � 4=<>�@Q� � � 4=<>�S� 6>�P� <>�S� 6>� 4=<>�S� 6>� 4OHT�
Second derivative. � �C6

. � �=U /EDBK .
�$AB� ���762��U � � �ac < � K6:d <"KV�MW �NL 4OW �P� KZ� � X �O6 <T� UE� X 4Oh � ] �nUE�NLY� h � 4^KZ� �,L 4� �R� <>� � � � 4=<>�S� � 4 6 �S� 6>��� HT�4iKV� �P� <>� � � � 4=<>�S� � 4 6 �S� 6>� L 4 6>�P� HT�� 6>�P� <>�S� 6>� 4=<>�S� 6>� 4OHT�S� 6>� 4^KZ�

Third derivative. � � H . � � H`/ED U .
�$AB� ��� H � HT� � 6 < � J K �,]I� �MH � L 4OH �P� <>� � Q� �R� <>� � � � 4=<>�S� � 4 6 �S� 6>��� <>�S� 6>� 4=<>�S� 6>� 4OHT�

Third derivative. � � H . � � K�/ED�W .
�$AB� ��� H � KZ� � � c l\U K6 d bEbV� 6>�NL 4 6>�P� HT� � e � <"KV�[< 6>� X 4 6>UE� ] �O6 h �NLI�mUZ�\� 4OH l � � ] 4� �P�O6 �S� �P� <>� � � � 4=<>�S� � 4 6 �S� � 4OHT�4ibV�MW �Ng 4=<fh �NeI� <"K ��XY� W �\�N] 4=<"b � L 4^K �\�P� < 6 � �� 6>�P� HT�S� 6>��� <>�S� 6>� 4=<>�S� 6>� 4OHT�S� 6>� 4^KZ�

Fourth derivative. � �=U
. � �=U /EDBK .

�$AB� ����UV��U � � <fh lE� J HZK �MXY� KV�MW � L 4^W �P� KZ� � L 4OH$� �P� <>� � � � 4=<>�S� � 4 6 �@Q� �P� <>� � � � 4=<>�S� � 4 6 �S� 6>�P� HT�S� 6>�P� <>�S� 6>� 4=<>�S� 6>� 4OHT�S� 6>� 4^KZ�
Fifth derivative. � � K . � � K�/ED9W .

�$AI� ��� K � KZ� � 6\� b lE� J WEH �,eB� HZKV� 6>� L 4 6>�P� HT� �,] 4C�[<"K ��X 4OH �\�N]I� HZK � L � K �\� 4=< 6 � � Q� �P�O6 �S� �P� <>� � � � 4=<>�S� � 4 6 �S� � 4OHT�S� 6>�P� HT�S� 6>�P� <>�S� 6>� 4=<>�S� 6>� 4OHT�S� 6>� 4^KZ�
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Weighted Data

The filters �$op� ��� � � ��� are built using the Krawtchouk polynomials, � being the smaller of the two
polynomial degrees yielding identical sequences. The binomial weightsq � � � � <6 L % c

6>�� 4 � d � <6 L % � 6>� �
r� �P�n� �
rs� � 4 � �
r
are common to all the filters.

Smoothing. � ���
. � �C� /EDF< .

�$op� ���
���
� � � q � � �
Smoothing. � ���

. � �G6 /ED9H .
�$op� ���
���76 � �:� 6>� L � �MH �P� <>�6>�P� < q � � �

Smoothing. � ���
. � ��U /EDBK .

�$op� ���
����U � � UE�MXF��6\� � �P� <>� � L 4C�[<"K � L ��6 K � 4OWT�6 � 6>�P� HT�S� 6>�P� <>� q � � �
First derivative. � � < . � � <_/ED 6 .

�$op� ��� < � <>� � 6>�� q � � �
First derivative. � � < . � � H`/ED U .

�$op� ��� < � HT� �:� 6 J 6 �MH �P� <>� � ] � �[<"K �NLI� <"K � 4 U � � QH$� �P� <>� � � 6>�P� <>� q � � �
First derivative. � � < . � � K�/ED9W .

�$op� ��� < � KZ� � c <<"K d U �[<"K � L ��6 K � 4OWT� �,eY��6\� � 6 < �N]I� WEH � L 4^K\W �P� < 6 � �,] 4� �P�O6 �S� �P� <>� �40�,K 6 K ��XY�O6 < �E�\�N] 4 6 hEHZK � L � < U h �\� 4 6 b\WT� �� 6>�P� HT�S� 6>�P� <>� q � � �
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Second derivative. � �C6
. � �C6 /ED9H .

�$ot� ���762�76 � � U J 6>� L �m� Q� � 6>�R� <>� q � � �
Second derivative. � �C6

. � �=U /EDBK .
�$op� ���762��U � �a� c UH d U �MH �P��6 � � X �O6 � 6>UE�NLI� H l\� 4=<"bZ� �,L 4=<"K � � �P� <>� L� �R� <>� � � 6>�P� HT�S� 6>�P� <>� q � � �

Third derivative. � � H . � � H`/ED U .
�$ot� ��� H � HT� � h$J 6>�,]I� �MH �P� <>� � Q� �P� <>� � � 6>�P� <>� q � � �
Third derivative. � � H . � � K�/ED�W .

�$ot� ��� H � KZ� �a� h$J U � �P� <>� � e �O6 �[< 6>�NLI�O6 b � 4=<fWT� � ] 4C� 6 < � ] � WEH �NL 4^K\W �P� < 6 � � Q� �P�O6 �S� �P� <>� � � 6>�P� HT�S� 6>�P� <>� q � � �
Fourth derivative. � �=U

. � �=U /EDBK .
�$op� ����UV��U � � <fW$J UE�MXF�nU �MH �P�O6 � � L 4OH$� �P� <>� � Q� �R� <>� � � 6>�P� HT�S� 6>�P� <>� q � � �

Fifth derivative. � � K . � � K�/ED9W .
�$ot� ��� K � KZ� � H 6 J UE�,eI�O6\� � ��� <>� �,] 4C�[<"K � L �O6 K � 4OWT� � Q� �P�O6 �S� �P� <>� � � 6>�P� HT�S� 6>�P� <>� q � � �
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