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1 Intr oduction

Principalcomponentnalysis(PCA) [10] is a well establishedechniquefor dimensionalityreduction,
anda chapteron the subjectmay be found in numeroudexts on multivariateanalysis.Examplesof its
mary applicationdncludedatacompressionimageprocessingyisualisation gxploratorydataanalysis,
patternrecognitionandtime seriesprediction. The popularityof PCA comesfrom threeimportantprop-
erties.First, it is theoptimal(in termsof meansquarecerror)linearschemdor compressing setof high
dimensionaklectorsinto a setof lower dimensionalvectorsandthenreconstructingSecondthe model
parameterganbe computeddirectly from the data— for exampleby diagonalizingthe samplecovari-
ance.Third, compressiomnddecompressioareeasyoperationgo performgiventhemodelparameters
—they requireonly matrix multiplications.

Despitetheseattractve featureshowever, PCA modelshave several shortcomingsOneis thatnave
methoddor nding theprincipalcomponentlirectionshave troublewith high dimensionablataor large
numbersof datapoints. Considerattemptingto diagonalizethe samplecovariancematrix of  vectors
in aspaceof dimensionsvhen and areseveralhundredor severalthousandDif culties canarise
bothin the form of computationatompleity andalsodatascarcity Computingthe samplecovariance
itself is very costly requiring operations.In generalit is bestto avoid computingthe sample
covarianceexplicitly.

Anothershortcomingof standardapproacheso PCA is thatit is not obvious how to dealproperly
with incompletedataset,in which someof the pointsaremissing. Currentlytheincompletepointsare
eitherdiscardedr completedusinga variety of interpolationmethods.However, suchapproachesre
no longervalid whenasigni cant portionof themeasuremenhatrix is unknavn.

Typically, the training datafor PCA is pre-processeth someway. But in somerealistic problems

wherethe amountof training datais huge,it becomesmpracticalto manuallyverify thatall the datais



‘good'. In generaltraining datamay containsomeerrorsfrom the underlyingdatageneratiormethod.
We view theseerrorpointsas“outliers”. However, the standard®CA algorithmis basedon theassump-
tion that datahave not beenspoiledby outliers. In caseof outliers, robust versionof PCA hasto be
developed.

To solve thethesedravbacksof standard®CA, alot of methodsvereproposedn the eld of statistics,
computerengineeringneuralnetworks etc. The purposeof this projectis to give a overvien of those
methodsandperformsomeexperimentso shav the how theimproved PCAscandealwith the missing
dataandoutliersin high dimensionaldataset. In Sectionl, a brief introductionof standardPCA is
presentedTo dealwith the high dimensionadata,we describean EM algorithmto calculateprincipal
componenti Section3.2. Sectiord present$ CA for the datasetcontainingmissingpoints.In Section
5, we give a detaileddescriptionof currentrobust PCA algorithms. Someexperimentalresultsare

providedin Section6.

2 Principal componentanalysis(PCA)

The mostcommonderivation of PCA is in termsof a standardizedinear projectionwhich maximizes
the variancein the projectedspace[10]. For a setof obsered ddimensionaldatavectors

, the principalaxes arethoseorthonormalaxesontowhich the
retainedvarianceunderprojectionis maximal. It canbe shavn thatthe vectors  aregivenby the

dominanteigewvectors(i.e. thosewith the largestassociategigervalues ) of the samplecovariance

matrix

1)
where isthedatasamplemean,suchthat

(2)
The principalcomponent®f theobseredvector aregivenby thevector

(3)
where . Thevariables arethenuncorrellatedsuchthatthe covariancematrix

is diagonalwith elements .
A complementarypropertyof PCA, andthatmostcloselyrelatedto the original discussionsf [17] is

that, of all orthogonalinear projections(3), the principal componenprojectionminimizesthe squared



reconstructiorerror , Wherethe optimallinearreconstructiorof  is givenby

(4)
3 EM Algorithm for PCA

In this section,a versionof the expectationmaximization(EM) algorithm[18] for learningthe principal
component®f a dataset. The algorithmdoesnot requirecomputingthe samplecovariance.lt candeal
with high dimensionaldatamoreefciently thantraditionalPCA. In Section3.1 a probabilisticmodel
for PCAIis given. Basedon thatmodel,the EM algorithmis presentedn Section3.2. The adwvantageof

the EM algorithmis alsoprovided.

3.1 Probabilistic Model of PCA

Principalcomponentnalysiscanbe viewed asa limiting caseof a particularclassof linear Gaussian
models. The goal of suchmodelsis to capturethe covariancestructureof anobsered dimensional
variable usingfewerthanthe free parametersequiredin afull covariancematrix. Linear
Gaussiamimodelsdo this by assuminghat wasproducedasa lineartransformatiorof some dimen-
sionallatentvariable plusadditve Gaussiamoise. Denotingthe transformatiorby the matrix
, andthe dimensionahoisevectorby (with covariancematrix ), the generatre modelcanbe
writtenas
5)
Cornventionally , andthe latentvariablesarede ned to beindependenandGaussiarwith
unitvariance By additionallyspecifyingtheerror, or noise, modelto belikewise Gaussian ,

equation(5) inducesa correspondingsaussiaristribution for the obserations
(6)

In orderto save parametersver thedirectcovariancerepresentatiom spaceit is necessaryo choose
andalsoto restrictthe covariancestructureof the Gaussiamoise by constraininghe matrix
For example,if the shapeof the noisedistribution is restrictedto be axis aligned(its covariancematrix
is diagonal)the modelis known asfactoranalysis.
For the caseof isotropicnoise , equation(5) implies a probability distribution over space

for agiven of theform

— (7)



Using Bayes'rule, the posteriordistribution of the latentvariables giventhe obsered may be

calculated

- (8)

wherethe posteriorcovariancematrix is givenby

%)
where isa matrix.

3.2 EM Algorithm for PCA

Principalcomponentanalysisis a limiting caseof the linear Gaussiarmodelas the covarianceof the
noise becomesn nitely smallandequalin all directions.MathematicallyPCA is obtainedby taking
the limit . This hasthe effect of makingthe likelihood of a point dominatedsolely
by the squareddistancebetweenit andits reconstruction . The directionsof the columnsof
which minimizethis errorareknown asthe principalaxes. Inferencenow reducego simpleleastsquares
projection

(10)

Sincethe noisehasbecomein nitesimal, the posteriorover statescollapsedo a single point andthe
covariancebecomegero.

Thekey obserationof thisnoteis thateventhoughtheprincipalcomponentsanbecomputedxplic-
itly, thereis still an EM algorithmfor learningthem[18]. We canusethe formula(10) asthe e-stepto

estimatethe estimatethe unknavn stateandthenuse(5) to getthem-stepto choose . Thealgorithm

is
e-step
m-step
where isa matrix of all the obsered dataand is a matrix of the unknavn states.

The columnsof will spanthe spaceof the rst  principal axes. To computethe corresponding
eigevectorsandeigervaluesexplicitly, thedatacanbeprojectednto this dimensionakubspacandan
orderedorthogonabasisfor thecovariancein thesubspaceanbe constructedNoticethatthealgorithm

canbe performedonlineusingonly a singledatapoint atatime andsoits storageequirementgareonly



Theintuition behindthe algorithmis asfollows: guessan orientationfor the principalsubspaceFix
the guessedsubspacend projectthe data into it to give the valuesof the hiddenstates . Now
x the valuesof the hiddenstatesand choosethe subspacerientationwhich minimizesthe squared
reconstructiorerrorsof the datapoints. For the simple two dimensionalexampleabore, | cangive
a physicalanalogy Imaginethatwe have a rod pinnedat the origin which is free to rotate. Pick an
orientationfor the rod. Holding the rod still, projectevery datapoint onto the rod, and attacheach
projectedpointto its original pointwith a spring.Now releaseéherod. Repeat.Thedirectionof therod
representsur guessof the principal componenbf the dataset.The enegy storedin the springsis the
reconstructiorerrorwe aretrying to minimize.

In [18], it is shavn thatthe EM algorithmalwaysreachalocal maximumof likelihood. Furthermore,
TippingandBishophave shavn [21] thatthe only stablelocal extremumis the globalmaximumatwhich
thetrue principalsubspacés found;soit convergesto thecorrectresult.

The EM learning algorithm for PCA amountsto an iterative procedurefor nding the subspace
spannedby the leadingeigewvectorswithout explicit computationof the samplecovariance. It is
attractve for small becausés compleity is limited by periterationandsodepend®nly lin-
earlyon boththe dimensionalityof the dataandthe numberof points. Methodsthatexplicitly compute
the samplecovariancematrix have compleities limited by . TheEM algorithmscalesnorefa-
vorablyin casesvhere issmallandboth and arelarge. For high dimensionablatasuchasimages,

the EM algorithmis muchmoreef cient thantraditionalPCA algorithm.

4 PCA with Missing Data

During the e-stepof the EM algorithm, we computethe hiddenstates by projectingthe obsered
datainto the currentsubspaceThis minimizesthe modelerror given the obsered dataandthe model
parametersUnfortunately the datamatrix is sometimesncompletein practice. Whenthe percentage
of missingdatais very small,it is possibleto replacethe missingelementsvith the meanor anextreme
value,whichis acommonstratgy in multivariatestatistic§6]. However, suchanapproachs nolonger
valid whena signi cant portion of the measurementnatrix is unknavn. It is not unusualfor a large
portion of the matrix to be unobserable. For example,in the computervision eld, whenwe model
a dodecahedroifl2-facedpolygedra)from a sequenceof sggmentedimages. Assumethat we have
tracked 12 facesover four nonsingulawviews. Thesegmentedangeimagesprovide trajectoriesor plane

coordinates , Where representa planeequationwith



surfacenormaland normaldistanceto the origin. The we may form measurementatrix as

follows:

whereevery * indicatesanunobserablefacesincethereareonly six visible facedrom eachnonsingular
view. For suchkind of data,the principal componentnalysiswith missingdata(PCAMD) hasto be
used.Insteadof estimatingonly  asthevaluewhich minimizesthe squaredlistancebetweerthe point

andits reconstructionPCAMD generalizeshe estepto:

generalizede-step: For each(possiblyincomplete)point  nd the unique pair of points
and (suchthat liesin thecurrentprincipalsubspacand liesin the subspacele ned by
the known informationabout ) which minimize the norm . Setthe corresponding

columnof to andthecorrespondingolumnof to

If iscompletethen and s foundexactly asbefore.If not,then and arethesolution
to aleastsquaregproblemandcanbefoundby, for example,QR factorizationof a particularconstraint
matrix.

In the above generalizedEM algorithm,we still assumehe measurements hasalreadybeencen-
tered.But in the caseof missingdata,especiallywhena signi cant portion of the measuremennatrix
is unknawn, the averageof the datamay not be a very reliable estimateof the mean. Insteadof using
the centereddata,somemethodsusedthe meanas extra parametergor the optimization,suchasthe

Wibemg's method[22] in the next section.

4.1 Wiberg's Method

Supposehe measurememhatrix hasrank . If thedatais completeandthe measuremenhatrix

lled, theproblemof principalcomponenanalysiss to determine , suchthat
12)

is minimized,where and are and matriceswith orthogonalcolumns,
isa diagonalmatrix, is the maximumlikelihoodapproximatiorof the meanvector and
isan -tuplewith all ones.Thesolutionof this problemis essentiallythe SVD of thecentered

(or registered)datamatrix



If datais incompletewe have the following minimizationproblem:

- (13)

where and arecolumnvectornotationsde ned by

) (14)
and

) (15)

It is trivially truethatthereareat most independenelementsrom LU decomposition

of an matrix of rank . Hence,anecessargonditionto uniquelysolve (14), is thatthe numberof
obserableelementsn , |, satises . To sufciently determinethe problem(14)

moreconstraintareneededo normalizeeithertheleft matrix  or theright matrix

If wewritethemeasurememhatrix asa -dimensionalrector ,theminimizationproblemcanbe

written as
- (16)

where

17
and

(18)
where isa vectorrelatedto the meanestimateof . isa matrix which is built totally
by thevaluesof . isa matrix which is built totally by thevaluesof . To solwe the

minimizationproblemstatedby (16), the derivative function (with respecto and ) shouldbe zero,

i.e.,
(19)

Obviously (19) is nonlinearbecause is afunctionof and is afunctionof . In theory ary
appropriatenonlinearoptimizationmethodcanbe appliedto solwe it. However, thedimensionis sohigh

in practiceand[22] usedthefollowing algorithmto solwe it

7



For given , we canbuild thematrix andvector . Then is updatedby solvinga leastleast-
squareproblem
(20)

where  isthepseudo-iverseof
Foragiven , we canalsobuild thematrix . Then isupdated
(21)

where  isthepseudo-iverseof

5 PCA with Outliers

All the PCA algorithmsmentionedbheforearebasedon the assumptionghatdatahave not beenspoiled
by outliers. In practice,real dataoften containsomeoutliersandusuallythey arenot easyto be sepa-
ratedfrom thedataset.In Sectionl, we shavedthatthetraditionalPCA constructgsherank subspace
approximatiorto zero-mearrainingdatathatis optimalin aleast-squaresenselt is commonlyknown
thatleastsquaredechniquesrenotrobustin the sensehatoutlying measurementsanarbitrarily skew
the solutionfrom the desiredsolution[11]. Currentlyit is still a researchdirectionto solve this draw-
backof theoriginal PCA. Severalmethodswvereproposedn the eld of statistics neuralnetworks, and

computerengineeringetc. But they all have certainlimitations.

5.1 Robust PCA by Robustifying the Covariance Matrix

To copewith outliers,the mostcommonlyusedapproaches statisticq4][11][19] replacethe standard
estimationof the covariancematrix, , with a robustestimatorof the covariancematrix, . This for-
mulationweightsthe meanandthe outer productswhich form the covariancematrix. Calculatingthe
eigemwvaluesandeigevectorsof thisrobustcovariancematrix giveseigewaluesthatarerobustto sample

outliers. The meanandtherobustcovariancematrix canbe calculatedas:

(22)

(23)

where and arescalarweights,which areafunctionof the Mahalanobislistance

(24)



and s iteratively estimated Numerouspossibleweightfunctionshave beenproposede.g. Hubers
weighting coefcients [11] or [4]. Theseapproacheshowever, weightentire
datasamplesandarenot appropriatdor the casesvhenonly afew individual elementsarecorruptedby
outliers. Anotherrelatedapproactwould beto robustly estimateeachelementof the covariancematrix.
Thisis notguaranteedb resultin a positive de nite matrix[4].

Thesemethodspasedn robustestimationof thefull covariancematrix, arecomputationallymprac-
tical for high dimensionadatasuchasimages.Note thatjust computingthe covariancematrix requires

operations Also in somepracticalapplicationst is dif cult to gathersufcient training datato

guarante¢hatthe covariancematrixis full rank.

5.2 Robust PCA by Projection Pursuit

Li andChen[12] proposed solutionbasedon projectionpursuit(PP).Dealingwith high dimensional
data,PPsearche$or low dimensionaprojectionghatmaximize(minimize)anobjective functioncalled
projectionindex. By working in the low dimensionalprojections,it managego avoid the dif culty
causedy sparsenessf thehigh-dimensionatiata.

Principalcomponentnalysiss actuallya specialPPprocedureLet bethe -dimensionarandom
vectorwith covariance , andlet  bethedistribution function of , Wwhere isa vector Denote
theeigemwvaluesof by . Recallthatthe rst principalcomponents theprojectionof ontoa
certaindirection;thatis

(25)

It is well known that is thelargesteigervalue andthat istheassociate@igen-
vector In the subsequengteps,eachnew directionis thenconstrainedo be orthogonalto all previous

directions.For example,the secondprincipalcomponent is determinedy
(26)

Whenthe measurememnatrix containsoutliers,[12] usedtherobustscaleestimatorinsteadof standard
scaleestimatorto dealwith theoutliers.

Ammannproposeda similar ideafor robust PCA by using projectionpursuit[1]. In his approach,
the projectionpursuitof estimatingthe eigervectorsof covariancematrix canbe expressedsfollows.

Determinethelastprincipalaxis by minimizing

(27)



subjectto the constraint , where  denoteghe th measurementector Thenfor

, determine to minimize

(28)

subjectto the constraint and , . is the robust lossfunctionto

boundthein uence of outliers. Ordinaryeigervectorsareobtainedby setting

5.3 Robust PCA by Self-Organizing Neural Networks

Thesolutionof thestandard®CAis madeafterall thedatahave beencollectedandthesamplecovariance
matrix hasbeencalculatedi.e.,theapproactworksin thebatd way. Whenanewn sample isadded,

we have to recalculatehe correspondingnen covariancematrix

(29)
thenall the computationgor solving (2) is repeatedy solve

(30)

Suchapproachs not suitablefor somerealapplicationavheredatacomeincrementallyor in the online
way.
The problemcanbe solved by a numberof existing self-oganizingrulesfor PCA [15][16][23]. The

commonlyusedrulesarelisted asfollows:
(31)
(32)

(33)

where , , and is the learningratewhich decreasefo zeroas

while satisfyingcertaincondition,e.qg.,
(34)

Eachof thethreeruleswill convergeto theprincipalcomponenvector almostsurelyundersomemild

conditionswhich are studiedin detail [15][16][23]. By regarding asthe weight vector (i.e., the

10



vectorconsistingof synapsesdf a linear neuronwith output , all of thethreerulescanbe

considerecsmodi cations of thewell-known Hebbianrule
(35)

for self-oganizingthe synapsesf a neuron.
Fromtheview of statisticalphysics all theserules(31)(32)(33)areconnectedo certainenegy func-
tions. For example therule (33) is anadaptve rule for minimizing the following enegy functionin the

gradientdescentnanner

(36)

where arethelinearcoefcients obtainedby projectingthetraining dataontothe principal
subspaceand . is thereconstructiorrrorvector and
is thereconstructiorerror of
In caseof outliers,Xu andYuille [13] have proposednalgorithmthatgeneralizesheenegy function
(36) by introducingadditionalbinaryvariableshatarezerowhena datasamples considerednoutlier.

They minimize

(37)

whereeach in is a binaryrandomvariable. If thesample is taken
into considerationptherwiseit is equivalentto discarding asan outlier The secondtermin (37)
is a penaltyterm, or prior, thatdiscourageshe trivial solutionwhereall — arezero. Given , if the
enegy, is smallerthana threshold , thenthe algorithm prefersto set

consideringthe sample asaninlier andO if it is greaterthanor equalto . Minimization of (37)

involvesa combinationof discreteandcontinuousoptimizationproblemsandXu andYuille [70] derive

11



ameaneld approximatiorto theproblemwhich, aftermaginalizingthebinaryvariablescanbe solved
by minimizing:

- (38)

where is afunctionthatis relatedto robuststatisticalestimators
[2]. The canbevariedasanannealingparametem anattempto avoid local minima.
Basedon suchreformulationof the enegy function, we cangetthe correspondingobust versionof

theadaptve self-oganizingrules(31)(32)(33).For example,therule (32) changesnto

(39)
andtherule (33) changesénto

(40)
Finally thecorvergedvector is takenastheresultedprincipalcomponentsectorwhich hasthe
avoidedtheeffectsof outliers.In addition,a byproductcanbe easilyobtainedby

(41)

whichindicateswhether isanoutlier( ) or not ( ).

5.4 Robust PCA by WeightedSVD

The approachof robust PCA by neuralnetworks is of limited applicationin somepracticalproblems
asthey rejectentire datameasuremerasoutliers. In someapplicationsoutlierstypically correspond
to small groupsof pointsin the measurementectorandwe seeka methodthatis robust to this type
of outlier yet doesnot rejectthe goodpointsin the datasamples.GabrielandZamir [8] give a partial
solution. They proposea weightedSingularValueDecomposition(SVD) techniquethatcanbe usedto

constructhe principalsubspaceln their approachthey minimize

(42)

where, is a columnyvector containingthe elementsof the -th row of . This effectively putsa
weight,  onevery pointin thetraining data. In relatedwork, Greenacrd9] givesa partial solution

to the problemof factorizingmatriceswith known weightingdataby introducingGeneralizedsingular

12



Value DecompositionfGSVD). This approachapplieswhenthe knowvn weightsin (42) are separable;
thatis, oneweightfor eachrow andonefor eachcolumn: . Thebasicideais to rst whiten
the datausingtheweights,performSVD, andthenun-whitenthe bases.The bene t of this approachs
thatit takesadwantageof ef cient implementationsf the SVD algorithm. Thedisadwantagesrethatthe
weightsmustsomehw alreadybe known andthatindividual pointoutliersarenotallowed.

In thegeneratohustcase wheretheweightsareunknavn andtheremaybeadifferentweightatevery
pointin every training data,thereis no suchsolutionthatleveragessvD, [8][9] andonemustsolve the
minimizationproblemwith “criss-crossegressionsiwhichinvolve iteratvely computingdyadic(rank1)
ts usingweightedleastsquaresThe approachalternatebetweersolvingfor or  while theother
is x ed;thisis similarto the EM approactwe discussedbeforebut withouta probabilisticinterpretation.

In this spirit, GabrielandOdorof[8] notehow thequadratidormulationin (36)is notrobustto outliers
andproposeamakingtherankl tting processn (42)robust. They proposea numberof methodso make
the criss-crosgegressiongohust but they apply the approacho very low dimensionaldataandtheir
optimizationmethodsdo not scalewell to very high dimensionadatasuchasimages.In relatedwork,
CrouxandFilzmoser{5] useasimilarideato constructrobustmatrix factorizatiorbasedn aweighted

norm.

5.5 Torreand Black's Algorithm

In the computervision eld, PCA is a populartechniquefor parameterizingshape,appearanceand
motion[3][20][14]. LearnedPCA representationsave provenusefulfor solving problemssuchasface
andobjectrecognition,tracking, detection,andbackgroundnodeling[20][14]. Typically, thetraining
datafor PCA is pre-processeth someway (e.g. facesarealigned[14]) or is generatedby someother
vision algorithm(e.g. optical o w is computedrom trainingdata[3]). As automatedearningmethods
areappliedto morerealisticproblems andthe amountof trainingdataincreasesit becomesmpractical
to manuallyverify thatall the datais good.In general training datamay containundesirablertifacts
dueto occlusion(e.g. a handin front of a face),illumination (e.g. speculare ections), imagenoise
(e.g.from scanningarchval data),or errorsfrom the underlyingdatageneratiormethod(e.g. incorrect
optical o w vectors).We view theseartifactsasstatisticaloutliers.

Dueto thehigh dimensionalityof theimagedata,we cant rely onthe calculationof robustcovariance
matrix to getthe principalcomponentsThe projectionbasedapproachalsosuffersfrom the high com-
putationalcost. Theapproachof Xu andVYuille describedn theprevioussectionsuffersfrom threemain

problems:First, a single bad pixel value canmake animagelie far enoughfrom the subspacéehatthe

13



entiresampleis treatedasanoutlier (i.e. ) andhasno in uence ontheestimateof . Second,
Xu andVYuille usea leastsquaregrojectionof thedata for computingthe distanceto the subspace;
thatis, the coefcients thatreconstructhedata are . Thesereconstructiorcoefcients
canbearbitrarily biasedby anoutlier. Finally, a binary outlier processs usedwhich eithercompletely
rejectsor includesasample.

To malke the robust PCA work ef ciently for the imagedata, Torre andBlack [7] proposeda more
generalanalogueoutlier procesghathascomputationahdwantagesandprovidesa connectiorto robust

M-estimation.To addressheseissueghey reformulate(37) as

— (43)
where is now ananalogoutlier procesghatdepend®nbothimagesandpixel locationsand
is apenaltyfunction. Theerror and speci es

ascaleparametefor eachof the pixel locations.

Obsenre that they explicitly solve for the mean in the estimationprocess. In the least-squares
formulationthe meancanbe computedn closedform andcanbe subtractedrom eachcolumnof the
datamatrix . Intherobustcaseputliersarede nedwith respecto theerrorin thereconstructednages
which includethe mean. The meancanno longerbe computedby performinga averagingprocedure,
insteadit is estimated(robustly) analogouslyto the other bases. Also, recall that PCA assumesan
isotropicnoisemodel. In the formulationherethey allow the noiseto vary for every row (pixel) of the
data( ).

Exploiting the relationshipbetweeroutlier processeandthe robust statisticg2], minimizing (43) is

equvalentto minimizing the following robustenegy function

(44)

for aparticularclassof robust -functions[2]. Therobustmagnitudeof avector is de ned asthesum

of therobusterrorvaluesfor eachcomponentthatis,
(45)
[7] useshe Geman-McCluresrrorfunctiongivenby

= (46)

14



where is a scaleparameteithat controlsthe convexity of the rohust function and determineshe
inlers/outliersseparationUnlike someother -functions,(46) is twice differentiablewhichis usefulfor
optimizationmethodsasedn gradientdescent.

While mary optimizationmethodsexist, it is usefulto formulatethe minimizationof equation(44)
asaweightedleastsquareproblemandsolwe it usingiteratively reweightedsquares(IRLS)De ne the

residualerrorin matrix notationas
47)

Then, for a given , a matrix can be de ned suchthat it containspositve weightsfor
eachpixel andeachimage. is calculatedfor eachiterationasa function of the previous residuals
andit is relatedto thein uence of pixelsonthesolution. Eachelement,
,of will beequalto
(48)

where

(49)

for the Geman-McClure -function. For aniterationof IRLS, (44) canbe transformednto a weighted

least-squaregroblemandrewritten as:

(50)

(51)
wherethe arediagonalmatricescontainingthe positive weightingcoefcients
for thedatasample , andrecallthat isthe th columnof . arediagonal

matricecontainingtheweightingfactorsfor the th pixel overthewholetrainingset.Notethesymmetry
of (51) where,recall, representshe th columnof the datamatrix and is a columnvector
which containsthe th row. Obsere that(51) have non-uniquesolutionssince,for ary linearinvertible
transformationmatrix would give the samesolution (i.e. the reconstructiorfrom the
subspacavill be the same). This ambiguity canbe solved by imposingthe constraintof orthogonality
betweerthebases (e.g.with Graham-Schmidirthogonalizatiop In orderto nd asolution
to , we differentiate(51) w.r.t. and anddifferentiate(51) w.r.t. to nd

necessarybut not sufcient conditionsfor the minimum. Fromtheseconditions the following coupled

systemof equations

15



(52)
(53)
(54)
Giving theseupdatesof the parametersan approximatealgorithmfor minimizing equation(44) can

emplg atwo stepmethodthatminimizes usingAlternatedLeastSquares(ALS).

SummarizingthewholeIRLS procedurevorksasfollows,

1. Firstaninitial basis andasetof coefcients aregiven, thentheinitial error, , can
becalculatedoy (47).

2. The weighting matrix canbe computedby (48) andit will be usedto successely alter
natebetweerminimizing with respecto and and in closedform using
equationg54)(53)(52).

3. Once , and have corverged,recomputeheerror, andcalculatetheweighting
matrix , thenproceedn thesamemanneiin steps2 until corvergenceof thealgorithmn.

It is worth noting thatthereare several possiblewaysto updatethe parametersnore ef ciently, rather

thanaclosedform solution.

6 Experiment Results

Experimentsvereperformedo testsomeof thealgorithmsdiscussedh theprevioussectionsIn Section
6.1,weuse2 dimensionaand40dimensionatiataseparatelyo shav theef ciency of theEM algorithm.
In Section6.2, we use40 dimensionadatain which 20% are missingandshav how Wiberg's method
worksin suchincompletedata. The samekind of 40 dimensionaldataare usedin the experimentof
Section6.3, but someof themarecorruptedby outliers. For suchdata,we comparehe resultsof robust

PCA with thoseof standard®CA. Anotherexperimentwith realimagesis alsopraovidedin thatsection.

6.1 Testthe EM algorithm

Firstwe use2D syntheticdatawith Gaussiaristribution to testthe EM algorithmintroducedn Section
3.2(Figurel). Thedataandinitial principalaxisis shavn in Figure1(a). The rst iterationandsecond

iterationof the principalaxisareshavn in Figure1(b)(c). Comparingwith the resultsof standard®CA

16
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Figurel: The EM basedPCA for 2D data. (a) The dataandinitial value of the principal axis; (b) The
rst iteration;(c) Thesecondteration;(d) The dataandthe principalaxisby standardPCA.

(Figure1(d)), we nd thatEM algorithmcorvergesto the correctsolutionin only two steps,which is
very ef cient.

In the secondexample, 10 datavectorswere usedfor the PCA algorithm. Eachvector contains40
dimensionaldatawhich were sampledfrom one shifted sinusoidcurve. The whole datasetis plotted
in Figure 2(a), in which eachsinusoidcurve is relatedto one datavector Figure 2(b)(c) shav the
resultsof standard®CA. Thetwo principalaxesfoundby standardPCA areshawvn in Figure2(b). The
reconstructedignalsby thosetwo principalcomponentsreshavn in Figure2(c). Figure2(d)(e)give the
principalaxesandreconstructedignalsfoundin the rst iterationof the EM algorithm. Figure2(f)(g)

shaw the principalaxesandreconstructedignalsfoundin thefourthiterationof the EM algorithm.

6.2 PCA with missingdata

Herewe alsousea setof vectorswhich is formedby 10 shifted harmonicsinusoidfunctions. By ran-
domly remaving 20% of the datapoints,the datasetis shavn in Figure3(a). Obviously, standardPCA
cant dealwith suchkind of databecaussomeof the pixelsareunknavn. We useWiberm's algorithmto

extractthetwo principalaxesandreconstructhe databy thosetwo principalaxes. Figure3(b)(c) shav
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theresultan thethird iterationof thealgorithm. Figure3(d)(e)shav theresultsin the fth iteration.Note
thatthefunctionsrepresentinghe estimategrincipalaxesaregettingsmoothesafterevery iteration. Fi-
nally in the seventhiteration,we obtainthe very smoothprincipal axesanda perfectreconstructiorof

theinputvectorswhich areshavn in Figure3(f)(g).

6.3 PCA with outliers

AlthoughseveralrobustPCA methodsveredescribedn Section5. We useTorreandBlack’s algorithm
introducedin Section5.5to the shav thatthe robust PCA performsbetterthantraditionalPCA in case
of outliers.

In the rst experiment,we still usethe datasampledfrom sinusoidfunctions. But 10% of the el-
ementsare contaminatedvith outliers (Figure4(a)). Figure 4(b)(c) depictthe two principal axes and
the reconstructeaignalsby standard®CA. Figure4(d)(e)depictthe two principal axesandthe recon-
structedsignalsby robust PCA after 30 iterations.Obviously the robust PCA givesmuchmorereliable
reconstructiorthanstandard®CA.

In the secondexperiment,we usea collectionof imageswith size asthetraining set
of PCA (from 'http://wehsalleurl.ed(ftorre/"). Thoseimagesweregatheredrom a staticcameraover
theday Therearechangesn theillumination of the staticbackgroundAlso 45% of theimagescontain
peoplein differentlocation.Our purposas to build themodelof thebackgroundy usingPCA. We treat
the peoplein the imageasoutliersandusePCA to extractthe backgroundnodel. The left columnof
Figure5 shav the examplesof thetrainingimages.The middle columnshaws thereconstructinggach
of theillustratedtrainingimageusingstandardPCAwith  basisvectors.Theright columnshaws the
reconstructiombtainedwith  robustPCAbasisvectors.We nd thattherobustPCAis ableto capture
theillumination changesvhile ignoring the people.Oncewe getthe desiredbackgroundnodelwhich

accountdor illumination variation,we canuseit in the applicationof persondetectionandtracking.
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Figure2: TheEM basedPCA for 40 dimensionabata. (a) Input data;(b) Two principalaxesfound by
the standard”CA; (c) Thereconstructedignalsby the standard®?CA; (d) Two principal axesfoundin
the rst iterationby EM basedPCA; (e) Thereconstructedignalsin the rst iteration; (f) Two principal
axesfoundin thefourthiteration; (g) Thereconstructedignalsin thefourthiteration.
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Figure3: PCA for theimcompletedataset. (a) Input data,somepixels aremissing;(b) Two principal
axesfoundin thethird iteration; (c) The reconstructegignalsin thethird iteration; (d) Two principal
axesfoundin the fth iteration;(e) Thereconstructedignalsin the fth iteration; (f) Two principalaxes
foundin the seventhiteration; (g) Thereconstructedignalsin the seventhiteration.
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Figure4: Rolust PCA. (a) Input data;(b) Two principal axesfound by standard®?CA,; (c) The recon-
structedsignalsby standardPCA; (d) Two principal axesfound by robust PCA, (e) The reconstructed
signalsby robustPCA.
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Figure5: Rolust PCA for the imagedata. (a) Someof the original data; (b) PCA reconstruction{c)
RolustPCA reconstruction.
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