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1 Intr oduction

Principalcomponentanalysis(PCA) [10] is a well establishedtechniquefor dimensionalityreduction,

anda chapteron thesubjectmaybefound in numeroustexts on multivariateanalysis.Examplesof its

many applicationsincludedatacompression,imageprocessing,visualisation,exploratorydataanalysis,

patternrecognitionandtimeseriesprediction.Thepopularityof PCAcomesfrom threeimportantprop-

erties.First, it is theoptimal(in termsof meansquarederror)linearschemefor compressingasetof high

dimensionalvectorsinto a setof lower dimensionalvectorsandthenreconstructing.Second,themodel

parameterscanbe computeddirectly from thedata– for exampleby diagonalizingthesamplecovari-

ance.Third, compressionanddecompressionareeasyoperationsto performgiventhemodelparameters

– they requireonly matrixmultiplications.

Despitetheseattractive features,however, PCA modelshave severalshortcomings.Oneis thatnaive

methodsfor �nding theprincipalcomponentdirectionshave troublewith highdimensionaldataor large

numbersof datapoints. Considerattemptingto diagonalizethesamplecovariancematrix of � vectors

in a spaceof
�

dimensionswhen � and
�

areseveralhundredor several thousand.Dif�culties canarise

both in theform of computationalcomplexity andalsodatascarcity. Computingthesamplecovariance

itself is very costly, requiring ���

�

�����

operations.In generalit is bestto avoid computingthe sample

covarianceexplicitly.

Anothershortcomingof standardapproachesto PCA is that it is not obvious how to dealproperly

with incompletedataset,in which someof thepointsaremissing.Currentlythe incompletepointsare

eitherdiscardedor completedusinga varietyof interpolationmethods.However, suchapproachesare

no longervalid whenasigni�cant portionof themeasurementmatrix is unknown.

Typically, the training datafor PCA is pre-processedin someway. But in somerealisticproblems

wheretheamountof trainingdatais huge,it becomesimpracticalto manuallyverify thatall thedatais
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'good'. In general,trainingdatamaycontainsomeerrorsfrom theunderlyingdatagenerationmethod.

Weview theseerrorpointsas“outliers”. However, thestandardPCA algorithmis basedon theassump-

tion that datahave not beenspoiledby outliers. In caseof outliers, robust versionof PCA hasto be

developed.

Tosolvethethesedrawbacksof standardPCA,alot of methodswereproposedin the�eld of statistics,

computerengineering,neuralnetworks etc. The purposeof this projectis to give a overview of those

methodsandperformsomeexperimentsto show thehow theimprovedPCAscandealwith themissing

dataandoutliers in high dimensionaldataset. In Section1, a brief introductionof standardPCA is

presented.To dealwith thehigh dimensionaldata,we describeanEM algorithmto calculateprincipal

componentsin Section3.2.Section4 presentsPCAfor thedatasetcontainingmissingpoints.In Section

5, we give a detaileddescriptionof current robust PCA algorithms. Someexperimentalresultsare

providedin Section6.

2 Principal componentanalysis(PCA)

The mostcommonderivation of PCA is in termsof a standardizedlinearprojectionwhich maximizes

the variancein the projectedspace[10]. For a set of observed ddimensionaldatavectors 	�
���
������

	����������������

�


 , the � principalaxes 	��! "
���#��$	������������������%
 arethoseorthonormalaxesontowhich the

retainedvarianceunderprojectionis maximal. It canbeshown that thevectors�
 

aregiven by the �

dominanteigenvectors(i.e. thosewith the largestassociatedeigenvalues &
 
) of thesamplecovariance
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A complementarypropertyof PCA,andthatmostcloselyrelatedto theoriginaldiscussionsof [17] is

that,of all orthogonallinearprojections(3), theprincipalcomponentprojectionminimizesthesquared
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3 EM Algorithm for PCA

In this section,aversionof theexpectationmaximization(EM) algorithm[18] for learningtheprincipal

componentsof a dataset.Thealgorithmdoesnot requirecomputingthesamplecovariance.It candeal

with high dimensionaldatamoreef�ciently thantraditionalPCA. In Section3.1 a probabilisticmodel

for PCA is given. Basedon thatmodel,theEM algorithmis presentedin Section3.2. Theadvantageof

theEM algorithmis alsoprovided.

3.1 Probabilistic Model of PCA

Principalcomponentanalysiscanbe viewed asa limiting caseof a particularclassof linear Gaussian

models. The goal of suchmodelsis to capturethe covariancestructureof an observed
�

dimensional

variable 
 usingfewer thanthe
�

�

�

H

�

�

A

� freeparametersrequiredin a full covariancematrix. Linear

Gaussianmodelsdo this by assumingthat 
 wasproducedasa lineartransformationof some� dimen-

sionallatentvariable : plusadditive Gaussiannoise.Denotingthetransformationby the
�KJ

� matrix

; , andthe
�

dimensionalnoisevectorby L (with covariancematrix M ), thegenerative modelcanbe

writtenas
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Conventionally, :5N<O

�/PQ�SR

�

, andthe latentvariablesarede�ned to beindependentandGaussianwith

unit variance.By additionallyspecifyingtheerror, or noise,modeltobelikewiseGaussianL

N$O

�/PQ�ST

�

,

equation(5) inducesacorrespondingGaussiandistribution for theobservations
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In orderto saveparametersover thedirectcovariancerepresentationin
�

space,it is necessaryto choose

�KW

�

andalsoto restrictthecovariancestructureof theGaussiannoiseL by constrainingthematrix T .

For example,if theshapeof thenoisedistribution is restrictedto beaxisaligned(its covariancematrix

is diagonal)themodelis known asfactoranalysis.

For thecaseof isotropicnoise T

(YX

�[Z

, equation(5) impliesa probabilitydistribution over 
 space
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Using Bayes' rule, the posteriordistribution of the latentvariables: given the observed 
 may be

calculated
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wheretheposteriorcovariancematrix is givenby
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where
j

is a �

J

� matrix.

3.2 EM Algorithm for PCA

Principalcomponentanalysisis a limiting caseof the linear Gaussianmodelas the covarianceof the

noiseL becomesin�nitely smallandequalin all directions.Mathematically, PCA is obtainedby taking

the limit T

(Vp,q,rts_uwvyx

Z

. This hasthe effect of makingthe likelihoodof a point 
 dominatedsolely

by the squareddistancebetweenit and its reconstruction;

: . The directionsof the columnsof ;

whichminimizethiserrorareknown astheprincipalaxes.Inferencenow reducesto simpleleastsquares

projection
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Sincethe noisehasbecomein�nitesimal, the posteriorover statescollapsesto a singlepoint and the

covariancebecomeszero.

Thekey observationof thisnoteis thateventhoughtheprincipalcomponentscanbecomputedexplic-

itly, thereis still anEM algorithmfor learningthem[18]. We canusetheformula(10) asthee-stepto

estimatetheestimatetheunknown stateandthenuse(5) to getthem-stepto choose~ . Thealgorithm

is •

e-step €

(

�

;

6
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�

a

-

;
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m-step ;„ƒ"…�†<(

•

€

6

�/€‡€

6m�

a

-

where
•

is a
��J

� matrix of all the observed dataand € is a �

J

� matrix of the unknown states.

The columnsof ; will spanthe spaceof the �rst � principal axes. To computethe corresponding

eigenvectorsandeigenvaluesexplicitly, thedatacanbeprojectedinto this � dimensionalsubspaceandan

orderedorthogonalbasisfor thecovariancein thesubspacecanbeconstructed.Noticethatthealgorithm

canbeperformedonlineusingonly asingledatapointata time andsoits storagerequirementsareonly

���_�

�Q�

H

�!�_�

�
�

.
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Theintuition behindthealgorithmis asfollows: guessanorientationfor theprincipalsubspace.Fix

the guessedsubspaceand project the data 
 into it to give the valuesof the hiddenstates: . Now

�x the valuesof the hiddenstatesand choosethe subspaceorientationwhich minimizesthe squared

reconstructionerrorsof the datapoints. For the simple two dimensionalexampleabove, I can give

a physicalanalogy. Imaginethat we have a rod pinnedat the origin which is free to rotate. Pick an

orientationfor the rod. Holding the rod still, project every datapoint onto the rod, and attacheach

projectedpoint to its original pointwith a spring.Now releasetherod. Repeat.Thedirectionof therod

representsour guessof theprincipalcomponentof thedataset.The energy storedin thespringsis the

reconstructionerrorwe aretrying to minimize.

In [18], it is shown thattheEM algorithmalwaysreacha localmaximumof likelihood.Furthermore,

TippingandBishophaveshown [21] thattheonly stablelocalextremumis theglobalmaximumatwhich

thetrueprincipalsubspaceis found;soit convergesto thecorrectresult.

The EM learning algorithm for PCA amountsto an iterative procedurefor �nding the subspace

spannedby the � leadingeigenvectorswithout explicit computationof the samplecovariance. It is

attractive for small � becauseits complexity is limited by �!�_�

�

���

periterationandsodependsonly lin-

earlyon boththedimensionalityof thedataandthenumberof points.Methodsthatexplicitly compute

thesamplecovariancematrix have complexities limited by ���

�

�
�

�

. TheEM algorithmscalesmorefa-

vorablyin caseswhere � is smallandboth
�

and � arelarge.For highdimensionaldatasuchasimages,

theEM algorithmis muchmoreef�cient thantraditionalPCAalgorithm.

4 PCA with Missing Data

During the e-stepof the EM algorithm, we computethe hiddenstates: by projectingthe observed

datainto thecurrentsubspace.This minimizesthemodelerrorgiven theobserved dataandthemodel

parameters.Unfortunately, the datamatrix is sometimesincompletein practice.Whenthepercentage

of missingdatais very small,it is possibleto replacethemissingelementswith themeanor anextreme

value,which is acommonstrategy in multivariatestatistics[6]. However, suchanapproachis no longer

valid whena signi�cant portion of the measurementmatrix is unknown. It is not unusualfor a large

portion of the matrix to be unobservable. For example,in the computervision �eld, whenwe model

a dodecahedron(12-facedpolygedra)from a sequenceof segmentedimages. Assumethat we have

tracked12 facesover four nonsingularviews. Thesegmentedrangeimagesprovide trajectoriesor plane

coordinates	�ˆ^‰‹Š�Œ

•

] Ž

(
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6

representsa planeequationwith
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surfacenormalandnormaldistanceto the origin. The we may form �f“

J

�f� measurementmatrix as

follows:
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whereevery* indicatesanunobservablefacesincethereareonly six visiblefacesfrom eachnonsingular

view. For suchkind of data,the principal componentanalysiswith missingdata(PCAMD) hasto be

used.Insteadof estimatingonly : asthevaluewhich minimizesthesquareddistancebetweenthepoint

andits reconstruction,PCAMD generalizestheestepto:•

generalizede-step: For each(possiblyincomplete)point 
 �nd the uniquepair of points :9¥

and 


¥ (suchthat : ¥ lies in thecurrentprincipalsubspaceand 


¥ lies in thesubspacede�ned by

theknown informationabout 
 ) which minimize thenorm
C

;

: ¥

1¦


¥

C

. Setthecorresponding

columnof € to :B¥ andthecorrespondingcolumnof
•

to 


¥ .

If 
 is complete,then 


¥

(


 and
g

¥ is foundexactly asbefore.If not, then :^¥ and 


¥ arethesolution

to a leastsquaresproblemandcanbefoundby, for example,QR factorizationof a particularconstraint

matrix.

In the above generalizedEM algorithm,we still assumethemeasurements
 hasalreadybeencen-

tered.But in thecaseof missingdata,especiallywhena signi�cant portionof themeasurementmatrix

is unknown, the averageof thedatamaynot be a very reliableestimateof the mean. Insteadof using

the centereddata,somemethodsusedthe meanasextra parametersfor the optimization,suchasthe

Wiberg's method[22] in thenext section.

4.1 Wiberg's Method

Supposethe
�§J

� measurementmatrix
•

hasrank ¨ . If thedatais completeandthemeasurementmatrix

�lled, theproblemof principalcomponentanalysisis to determine ©

ª

�•©

'
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, suchthat
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is minimized,where ©
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and ©

«

are
�¯J

¨ and �

J

¨ matriceswith orthogonalcolumns, ©

'
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is a ¨

J

¨ diagonalmatrix, ¬ is themaximumlikelihoodapproximationof themeanvector, and ­

6

(
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�

is an � -tuplewith all ones.Thesolutionof thisproblemis essentiallytheSVD of thecentered

(or registered)datamatrix ²³1l¬´­
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If datais incomplete,we have thefollowing minimizationproblem:
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It is trivially true that thereareat most ¨I�

�

H

�

1É¨

�

independentelementsfrom LU decomposition

of an
�?J

� matrix of rank ¨ . Hence,a necessaryconditionto uniquelysolve (14), is thatthenumberof

observableelementsin
•

, Ê , satis�es ÊÌËÍ¨��

�
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�

1É¨
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. To suf�ciently determinetheproblem(14)

moreconstraintsareneededto normalizeeithertheleft matrix ©
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or theright matrix ©
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If wewrite themeasurementmatrix ² asa Ê -dimensionalvector
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 , theminimizationproblemcanbe

writtenas
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where E¬ is a Ê vectorrelatedto themeanestimateof
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Obviously (19) is nonlinearbecauseÏ is a function of
©

º and Ñ is a function of
©

L . In theory, any

appropriatenonlinearoptimizationmethodcanbeappliedto solve it. However, thedimensionis sohigh

in practiceand[22] usedthefollowing algorithmto solve it
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For given
©

º , we canbuild thematrix Ï andvector E¬ . Then
©

L is updatedby solvinga leastleast-

squaresproblem
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where Ñ

Ø

is thepseudo-inverseof Ñ .

5 PCA with Outliers

All thePCA algorithmsmentionedbeforearebasedon theassumptionsthatdatahave not beenspoiled

by outliers. In practice,realdataoftencontainsomeoutliersandusuallythey arenot easyto besepa-

ratedfrom thedataset.In Section1, we showedthatthetraditionalPCAconstructstherank � subspace

approximationto zero-meantrainingdatathatis optimalin a least-squaressense.It is commonlyknown

thatleastsquarestechniquesarenot robust in thesensethatoutlyingmeasurementscanarbitrarily skew

thesolutionfrom thedesiredsolution[11]. Currentlyit is still a researchdirectionto solve this draw-

backof theoriginal PCA.Severalmethodswereproposedin the�eld of statistics,neuralnetworks,and

computerengineeringetc.But they all have certainlimitations.

5.1 Robust PCA by Robustifying the CovarianceMatrix

To copewith outliers,themostcommonlyusedapproachesin statistics[4][11][19] replacethestandard

estimationof thecovariancematrix,

'

, with a robust estimatorof thecovariancematrix,

'

¥ . This for-

mulationweightsthe meanandthe outerproductswhich form the covariancematrix. Calculatingthe

eigenvaluesandeigenvectorsof this robustcovariancematrixgiveseigenvaluesthatarerobustto sample

outliers.Themeanandtherobustcovariancematrixcanbecalculatedas:
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and

'

¥ is iteratively estimated.Numerouspossibleweight functionshave beenproposed(e.g. Huber's

weightingcoef�cients [11] or
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[4]. Theseapproaches,however, weight entire

datasamplesandarenotappropriatefor thecaseswhenonly a few individual elementsarecorruptedby

outliers.Anotherrelatedapproachwouldbeto robustly estimateeachelementof thecovariancematrix.

This is notguaranteedto resultin apositive de�nite matrix [4].

Thesemethods,basedonrobustestimationof thefull covariancematrix,arecomputationallyimprac-

tical for high dimensionaldatasuchasimages.Notethat just computingthecovariancematrix requires

���

�
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operations.Also in somepracticalapplicationsit is dif�cult to gathersuf�cient trainingdatato

guaranteethatthecovariancematrix is full rank.

5.2 Robust PCA by Projection Pursuit

Li andChen[12] proposeda solutionbasedon projectionpursuit(PP).Dealingwith high dimensional

data,PPsearchesfor low dimensionalprojectionsthatmaximize(minimize)anobjective functioncalled

projectionindex. By working in the low dimensionalprojections,it managesto avoid the dif�culty

causedby sparsenessof thehigh-dimensionaldata.

Principalcomponentanalysisis actuallya specialPPprocedure.Let 
 bethe
�

-dimensionalrandom
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- andthat à
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vector. In thesubsequentsteps,eachnew directionis thenconstrainedto beorthogonalto all previous

directions.For example,thesecondprincipalcomponentà
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Whenthemeasurementmatrixcontainsoutliers,[12] usedtherobustscaleestimatorinsteadof standard

scaleestimatorto dealwith theoutliers.

Ammannproposeda similar ideafor robust PCA by usingprojectionpursuit [1]. In his approach,

theprojectionpursuitof estimatingtheeigenvectorsof covariancematrix canbe expressedasfollows.
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boundthein�uence of outliers.Ordinaryeigenvectorsareobtainedby setting
è

�Ô�

�

(

C

�

C

�

� .

5.3 Robust PCA by Self-OrganizingNeural Networks

Thesolutionof thestandardPCAis madeafterall thedatahavebeencollectedandthesamplecovariance

matrix

'

hasbeencalculated,i.e.,theapproachworksin thebatch way. Whenanew sample
^é is added,

wehave to recalculatethecorrespondingnew covariancematrix
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6

�

H

�

(29)

thenall thecomputationsfor solving(2) is repeatedby solve
'

é

�
 

(

&
 

�
 98 (30)

Suchapproachis not suitablefor somerealapplicationswheredatacomeincrementallyor in theonline

way.

Theproblemcanbesolvedby a numberof existing self-organizingrulesfor PCA [15][16][23]. The

commonlyusedrulesarelistedasfollows:
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where
g

(
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�‘ì
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,
g

é

(

ë

�‘ì

�
6

îº and í

�‘ì

�

is the learningratewhich decreasesto zeroas

ì’ïñð while satisfyingcertaincondition,e.g.,

*Iò

í
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(

ðó�
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8 (34)

Eachof thethreeruleswill convergeto theprincipalcomponentvector ë almostsurelyundersomemild

conditionswhich arestudiedin detail [15][16][23]. By regarding ë

�‘ì

�

as the weight vector (i.e., the
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vectorconsistingof synapses)of a linearneuronwith output
g

(

ë

�‘ì

� 6


 , all of the threerulescanbe

consideredasmodi�cationsof thewell-known Hebbianrule
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(35)

for self-organizingthesynapsesof aneuron.

Fromtheview of statisticalphysics,all theserules(31)(32)(33)areconnectedto certainenergy func-

tions. For example,therule (33) is anadaptive rule for minimizing thefollowing energy functionin the

gradientdescentmanner ÷
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where :

�

(|;
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� arethelinearcoef�cients obtainedby projectingthetrainingdataontotheprincipal

subspace,and
g

�

 

(

@ob

ò

+.-
Ù

ò

 �ú

ò

� . ù

�

(


0��1

;};

6


G� is thereconstructionerrorvector, and
e

•fø

Þ

�/ù

�

�

(

ù

6

�

ù

� is thereconstructionerrorof 
‚� .

In caseof outliers,Xu andYuille [13] haveproposedanalgorithmthatgeneralizestheenergy function

(36)by introducingadditionalbinaryvariablesthatarezerowhenadatasampleis consideredanoutlier.

They minimize ÷¼û�ü
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whereeach
ÿ

� in
«

( Ò

ÿ

-

�

ÿ

�

�������0�

ÿ

)

Ó is a binary randomvariable. If
ÿ

�

(

� thesample
.� is taken

into consideration,otherwiseit is equivalent to discarding

� as an outlier. The secondterm in (37)

is a penaltyterm,or prior, that discouragesthe trivial solutionwhereall
ÿ

� arezero. Given ; , if the

energy, ù

�

(


G�B1

;};

6


G� is smallerthana threshold� , thenthe algorithmprefersto set
ÿ

�

(

�

consideringthe sample
‚� asan inlier and0 if it is greaterthanor equalto � . Minimization of (37)

involvesa combinationof discreteandcontinuousoptimizationproblemsandXu andYuille [70] derive
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amean�eld approximationto theproblemwhich,aftermarginalizingthebinaryvariables,canbesolved

by minimizing:
÷Äû�ü
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whereŽ
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is afunctionthatis relatedto robuststatisticalestimators

[2]. The
�

canbevariedasanannealingparameterin anattemptto avoid localminima.

Basedon suchreformulationof theenergy function,we canget thecorrespondingrobust versionof

theadaptive self-organizingrules(31)(32)(33).For example,therule (32)changesinto
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andtherule (33)changesinto
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Finally theconvergedvector ë

ø��

)��


���� 


is takenastheresultedprincipalcomponentsvectorwhichhasthe

avoidedtheeffectsof outliers.In addition,a byproductcanbeeasilyobtainedby
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which indicateswhether

� is anoutlier (

ÿ

�

(

� ) or not (
ÿ

�

(

P ).

5.4 Robust PCA by WeightedSVD

The approachof robust PCA by neuralnetworks is of limited applicationin somepracticalproblems

asthey rejectentiredatameasurementasoutliers. In someapplications,outlierstypically correspond

to small groupsof points in the measurementvectorandwe seeka methodthat is robust to this type

of outlier yet doesnot rejectthegoodpointsin the datasamples.GabrielandZamir [8] give a partial

solution.They proposea weightedSingularValueDecomposition(SVD) techniquethatcanbeusedto

constructtheprincipalsubspace.In their approach,they minimize
÷

� %
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;
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(42)

where, �

•

is a columnvectorcontainingthe elementsof the \ -th row of ; . This effectively putsa

weight, #

•

� on every point in the trainingdata. In relatedwork, Greenacre[9] givesa partial solution

to theproblemof factorizingmatriceswith known weightingdataby introducingGeneralizedSingular

12



ValueDecomposition(GSVD). This approachapplieswhenthe known weightsin (42) areseparable;

that is, oneweightfor eachrow andonefor eachcolumn: #

•

�

(

#

•

#

� . Thebasicideais to �rst whiten

thedatausingtheweights,performSVD, andthenun-whitenthebases.Thebene�t of this approachis

thatit takesadvantageof ef�cient implementationsof theSVD algorithm.Thedisadvantagesarethatthe

weightsmustsomehow alreadybeknown andthatindividual pointoutliersarenotallowed.

In thegeneralrobustcase,wheretheweightsareunknown andtheremaybeadifferentweightatevery

point in every trainingdata,thereis no suchsolutionthat leveragesSVD, [8][9] andonemustsolve the

minimizationproblemwith “criss-crossregressions”whichinvolve iteratively computingdyadic(rank1)

�ts usingweightedleastsquares.Theapproachalternatesbetweensolvingfor �

•

or :

� while theother

is �x ed;this is similar to theEM approachwediscussedbeforebut withoutaprobabilisticinterpretation.

In thisspirit,GabrielandOdorof[8] notehow thequadraticformulationin (36)is notrobustto outliers

andproposemakingtherank1 �tting processin (42)robust.They proposeanumberof methodsto make

the criss-crossregressionsrobust but they apply the approachto very low dimensionaldataandtheir

optimizationmethodsdo not scalewell to very high dimensionaldatasuchasimages.In relatedwork,

CrouxandFilzmoser[5] useasimilar ideato constructarobustmatrix factorizationbasedonaweighted
&

- norm.

5.5 Torr e and Black's Algorithm

In the computervision �eld, PCA is a populartechniquefor parameterizingshape,appearance,and

motion[3][20][14]. LearnedPCA representationshave provenusefulfor solvingproblemssuchasface

andobjectrecognition,tracking,detection,andbackgroundmodeling[20][14]. Typically, the training

datafor PCA is pre-processedin someway (e.g. facesarealigned[14]) or is generatedby someother

vision algorithm(e.g.optical �o w is computedfrom trainingdata[3]). As automatedlearningmethods

areappliedto morerealisticproblems,andtheamountof trainingdataincreases,it becomesimpractical

to manuallyverify that all the datais good.In general,training datamay containundesirableartifacts

dueto occlusion(e.g. a handin front of a face),illumination (e.g. specularre�ections), imagenoise

(e.g. from scanningarchival data),or errorsfrom theunderlyingdatagenerationmethod(e.g. incorrect

optical�o w vectors).Weview theseartifactsasstatisticaloutliers.

Dueto thehighdimensionalityof theimagedata,wecan't rely onthecalculationof robustcovariance

matrix to get theprincipalcomponents.Theprojectionbasedapproachalsosuffers from thehigh com-

putationalcost.Theapproachof Xu andYuille describedin theprevioussectionsuffersfrom threemain

problems:First, a singlebadpixel valuecanmake an imagelie far enoughfrom thesubspacethat the

13



entiresampleis treatedasanoutlier (i.e.
ÿ

�

(

P ) andhasno in�uence on theestimateof ; . Second,

Xu andYuille usea leastsquaresprojectionof thedata 
 � for computingthedistanceto thesubspace;

that is, thecoef�cients that reconstructthedata 
m� are :

�

( ;

6


G� . Thesereconstructioncoef�cients

canbearbitrarily biasedby anoutlier. Finally, a binaryoutlier processis usedwhich eithercompletely

rejectsor includesasample.

To make the robust PCA work ef�ciently for the imagedata,Torre andBlack [7] proposeda more

generalanalogueoutlier processthathascomputationaladvantagesandprovidesa connectionto robust

M-estimation.To addresstheseissuesthey reformulate(37)as÷
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wherePtÅ

&

•

�

Å|� is now ananalogoutlierprocessthatdependsonbothimagesandpixel locationsand
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is apenaltyfunction.Theerror
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speci�es

ascaleparameterfor eachof the ú pixel locations.

Observe that they explicitly solve for the mean ¬ in the estimationprocess. In the least-squares

formulationthemeancanbecomputedin closedform andcanbe subtractedfrom eachcolumnof the

datamatrix
•

. In therobustcase,outliersarede�nedwith respectto theerrorin thereconstructedimages

which includethe mean.The meancanno longerbe computedby performinga averagingprocedure,

insteadit is estimated(robustly) analogouslyto the other bases. Also, recall that PCA assumesan

isotropicnoisemodel. In the formulationherethey allow thenoiseto vary for every row (pixel) of the

data(
e

•

�

N$O

�/PQ�

X

�

•

�

).

Exploiting therelationshipbetweenoutlier processesandtherobuststatistics[2], minimizing (43) is

equivalentto minimizing thefollowing robustenergy function÷
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for aparticularclassof robust
è

-functions[2]. Therobustmagnitudeof avector : is de�ned asthesum

of therobusterrorvaluesfor eachcomponent,thatis,
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[7] usestheGeman-McClureerrorfunctiongivenby
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(46)

14



where X

• is a scaleparameterthat controls the convexity of the robust function and determinesthe

inlers/outliersseparation.Unlike someother
è

-functions,(46) is twice differentiablewhich is usefulfor

optimizationmethodsbasedon gradientdescent.

While many optimizationmethodsexist, it is usefulto formulatethe minimizationof equation(44)

asa weightedleastsquaresproblemandsolve it usingiteratively reweightedsquares(IRLS).De�ne the

residualerrorin matrixnotationas
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€ 8 (47)

Then, for a given - , a matrix 0 � T

b21

)

can be de�ned suchthat it containspositive weightsfor

eachpixel andeachimage. 0 is calculatedfor eachiterationasa function of the previous residuals
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for theGeman-McClure
è

-function. For an iterationof IRLS, (44) canbe transformedinto a weighted

least-squaresproblemandrewrittenas:÷
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wherethe 0

�

�ÖT

b�1�b

(

�

��°�±2�98

�

�

arediagonalmatricescontainingthepositive weightingcoef�cients

for thedatasample

� , andrecall that 8

� is the � th columnof 0 . 0

•

�hT

)

1

)

(

�

��°�±2�98

•

�

arediagonal

matricescontainingtheweightingfactorsfor the\ th pixel overthewholetrainingset.Notethesymmetry

of (51) where,recall, 
.� representsthe � th column of the datamatrix
•

and 


•

is a column vector

which containsthe \ th row. Observe that(51) have non-uniquesolutionssince,for any linear invertible

transformationmatrix : , ;

:;:

a

-

€ would give the samesolution(i.e. the reconstructionfrom the

subspacewill be thesame).This ambiguitycanbesolved by imposingtheconstraintof orthogonality

betweenthebases;

6

; (

R (e.g.with Graham-Schmidtorthogonalization). In orderto �nd asolution

to

÷

�

;

�S€¯��¬w�(0

��7

•fø

Þ

, we differentiate(51) w.r.t. :

� and ¬ anddifferentiate(51) w.r.t. �

•

to �nd

necessary, but not suf�cient conditionsfor theminimum. Fromtheseconditions,thefollowing coupled

systemof equations
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Giving theseupdatesof the parameters,an approximatealgorithmfor minimizing equation(44) can

employ a two stepmethodthatminimizes

÷

7

•fø
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;

=

€

=

¬

�

usingAlternatedLeastSquares(ALS).

Summarizing,thewholeIRLS procedureworksasfollows,

1. First aninitial basis~

‰

v

Œ

anda setof coef�cients @

‰

v

Œ

aregiven,thentheinitial error, ©

/

‰

v

Œ , can

becalculatedby (47).

2. The weightingmatrix A

‰

-

Œ

can be computedby (48) and it will be usedto successively alter-

natebetweenminimizing with respectto :

‰
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Œ

�

and �/�
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�

<

����# and ¬
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Œ

in closedform using

equations(54)(53)(52).

3. Once:
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‰
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Œ

and ¬

‰
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Œ

haveconverged,recomputetheerror, ©

/

‰

-

Œ andcalculatetheweighting

matrix 0

‰

�

Œ

, thenproceedin thesamemannerin steps2 until convergenceof thealgorithmn.

It is worth noting that thereareseveral possiblewaysto updatetheparametersmoreef�ciently, rather

thanaclosedform solution.

6 Experiment Results

Experimentswereperformedto testsomeof thealgorithmsdiscussedin theprevioussections.In Section

6.1,weuse2 dimensionaland40dimensionaldataseparatelyto show theef�ciency of theEM algorithm.

In Section6.2,we use40 dimensionaldatain which 20%aremissingandshow how Wiberg's method

works in suchincompletedata. The samekind of 40 dimensionaldataareusedin the experimentof

Section6.3,but someof themarecorruptedby outliers.For suchdata,wecomparetheresultsof robust

PCA with thoseof standardPCA.Anotherexperimentwith realimagesis alsoprovidedin thatsection.

6.1 Testthe EM algorithm

Firstweuse2D syntheticdatawith Gaussiandistribution to testtheEM algorithmintroducedin Section

3.2 (Figure1). Thedataandinitial principalaxis is shown in Figure1(a). The�rst iterationandsecond

iterationof theprincipalaxisareshown in Figure1(b)(c). Comparingwith theresultsof standardPCA
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Figure1: TheEM basedPCA for 2D data. (a) Thedataandinitial valueof theprincipalaxis; (b) The
�rst iteration;(c) Theseconditeration;(d) Thedataandtheprincipalaxisby standardPCA.

(Figure1(d)), we �nd that EM algorithmconvergesto thecorrectsolutionin only two steps,which is

veryef�cient.

In the secondexample,10 datavectorswereusedfor the PCA algorithm. Eachvectorcontains40

dimensionaldatawhich weresampledfrom oneshiftedsinusoidcurve. The whole dataset is plotted

in Figure 2(a), in which eachsinusoidcurve is relatedto one datavector. Figure 2(b)(c) show the

resultsof standardPCA.Thetwo principalaxesfoundby standardPCA areshown in Figure2(b). The

reconstructedsignalsby thosetwo principalcomponentsareshown in Figure2(c). Figure2(d)(e)givethe

principalaxesandreconstructedsignalsfoundin the �rst iterationof theEM algorithm. Figure2(f)(g)

show theprincipalaxesandreconstructedsignalsfoundin thefourth iterationof theEM algorithm.

6.2 PCA with missingdata

Herewe alsousea setof vectorswhich is formedby 10 shiftedharmonicsinusoidfunctions. By ran-

domly removing 20%of thedatapoints,thedatasetis shown in Figure3(a). Obviously, standardPCA

can't dealwith suchkind of databecausesomeof thepixelsareunknown. WeuseWiberg's algorithmto

extract thetwo principalaxesandreconstructthedataby thosetwo principalaxes.Figure3(b)(c)show
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theresultsin thethird iterationof thealgorithm.Figure3(d)(e)show theresultsin the�fth iteration.Note

thatthefunctionsrepresentingtheestimatedprincipalaxesaregettingsmootherafterevery iteration.Fi-

nally in theseventhiteration,we obtainthevery smoothprincipalaxesanda perfectreconstructionof

theinputvectors,whichareshown in Figure3(f)(g).

6.3 PCA with outliers

AlthoughseveralrobustPCA methodsweredescribedin Section5. WeuseTorreandBlack's algorithm

introducedin Section5.5 to theshow that therobustPCA performsbetterthantraditionalPCA in case

of outliers.

In the �rst experiment,we still usethe datasampledfrom sinusoidfunctions. But 10% of the el-

ementsarecontaminatedwith outliers(Figure4(a)). Figure4(b)(c) depict the two principal axesand

the reconstructedsignalsby standardPCA. Figure4(d)(e)depictthe two principalaxesandthe recon-

structedsignalsby robustPCA after30 iterations.Obviously therobustPCA givesmuchmorereliable

reconstructionthanstandardPCA.

In thesecondexperiment,we usea collectionof �CB½“ imageswith size �f��P

J

�f“�P asthe trainingset

of PCA (from 'http://web.salleurl.edu/f̃torre/'). Thoseimagesweregatheredfrom a staticcameraover

theday. Therearechangesin theilluminationof thestaticbackground.Also 45%of theimagescontain

peoplein differentlocation.Ourpurposeis to build themodelof thebackgroundby usingPCA.Wetreat

thepeoplein the imageasoutliersandusePCA to extract thebackgroundmodel. The left columnof

Figure5 show the D examplesof thetrainingimages.Themiddlecolumnshows thereconstructingeach

of theillustratedtrainingimageusingstandardPCA with ��P basisvectors.Theright columnshows the

reconstructionobtainedwith ��P robustPCAbasisvectors.We�nd thattherobustPCAis ableto capture

the illumination changeswhile ignoring thepeople.Oncewe get thedesiredbackgroundmodelwhich

accountsfor illuminationvariation,we canuseit in theapplicationof persondetectionandtracking.
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Figure2: TheEM basedPCA for 40 dimensionaldata.(a) Input data;(b) Two principalaxesfoundby
thestandardPCA; (c) Thereconstructedsignalsby thestandardPCA; (d) Two principalaxesfound in
the�rst iterationby EM basedPCA;(e)Thereconstructedsignalsin the�rst iteration; (f) Two principal
axesfoundin thefourth iteration; (g) Thereconstructedsignalsin thefourth iteration.

21



0 5 10 15 20 25 30 35 40
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

pixel number

pi
xe

l v
al

ue

(a)

0 5 10 15 20 25 30 35 40
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

pixel number

pi
xe

l v
al

ue

0 5 10 15 20 25 30 35 40
-1.5

-1

-0.5

0

0.5

1

1.5

pixel number

pi
xe

l v
al

ue

(b) (c)

0 5 10 15 20 25 30 35 40
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

pixel number

pi
xe

l v
al

ue

0 5 10 15 20 25 30 35 40
-1.5

-1

-0.5

0

0.5

1

1.5

pixel number

pi
xe

l v
al

ue

(b) (c)

0 5 10 15 20 25 30 35 40
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

pixel number

pi
xe

l v
al

ue

0 5 10 15 20 25 30 35 40
-1.5

-1

-0.5

0

0.5

1

1.5

pixel number

pi
xe

l v
al

ue

(b) (c)

Figure3: PCA for the imcompletedataset. (a) Input data,somepixelsaremissing;(b) Two principal
axesfound in the third iteration;(c) The reconstructedsignalsin the third iteration; (d) Two principal
axesfoundin the�fth iteration;(e)Thereconstructedsignalsin the�fth iteration; (f) Two principalaxes
foundin theseventhiteration; (g) Thereconstructedsignalsin theseventhiteration.
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Figure4: Robust PCA. (a) Input data;(b) Two principal axesfound by standardPCA; (c) The recon-
structedsignalsby standardPCA; (d) Two principalaxesfound by robust PCA; (e) The reconstructed
signalsby robustPCA.
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(a) (b) (c)

Figure5: Robust PCA for the imagedata. (a) Someof the original data;(b) PCA reconstruction;(c)
RobustPCAreconstruction.
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